Atomic and Molecular Quantum Theory Course Number: C561

22 TheVariational Principle

1. We have so far dealt with particle in a box, hydrogen atodh an
harmonic oscillator. These were problems that can be solved
analytically. However, all other chemical problems (witlonm®
than one electron) are problems that cannot be solved gxactl
and approximate methods are necessary to treat such pmblem
For the rest of the course we will deal with some basic ideais th
are required to understand these approximate methods.r§he fi
such idea is the variational principle which we will studydne

2. We want to solve the time-independent Schnger Equation

for some given Hamiltonian operator. If we left multiply bot
sides by(,|:

Wl )" (222)
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3. The whole purpose of the time-independent 8dhrger Equa-
tionis to find thev,,). If we know this we know the energy from
the above expression. In most cases we can find an expression
that approximategy),,). (We will study a couple of such approx-
imations for molecular systems later in this course.) Letas
|¢) IS an approximation tdx),). Therefore associated with this
approximation is an approximate energy given by:

: (¢ H |9)
E'l¢] = ——"+ (22.3)
o= "are)
what are the properties of such an approximate energy expres

sion?
4. Let us say we can write) = [v¢,,) + « |x). Using this:

(H - E,)[|) — alx)] = 0
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Now what isE’ [¢] — E,,?

pio g~ CLH=E)I) (60 = E,)joy)

(9] ) (9] )
_ {ax| (H — Ey) |ay)
{ <(Z¢>E)\ )
24X — L) | X
(10} (22:5)

where we have usef(H — E,)|¢)} = (¢|(H — E,) since
(H — E,) is Hermitian.

= |af

5. The last expression in EqRZ.5 tells us that’ [¢] differs from
E,, by an amount that is second order in in the variation j).
If «vis small,¢ is close toy and E’ [¢] will be close toFE,,.

6. And onceo is close toy, the energy is stationary with respect
to small variations irs. For smalla, |a|* changes even slower.
This is what is meant when we say that the energy is second
order in¢. (Notice that the numerator in Eg.24.5 is also
guadratic ing.)
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7. Let us say we know the eigenfunctiofps; } of H and say these
have eigenvalue§F;}. SinceH is a Hermitian operator, these
eigenfunctions form a complete set and hence we can expand

the functiong using this complete set:
b= ci (22.6)

wherec; = (¢, |¢), since{y;} are complete and orthonormal.
(To check this left multiply the above equation by;| to see
what you get.) Then the energy of the functiors:

(P H|9) _ (o[ Hxici|yy)

Ell = "gray = @le)
_ (D| =i i By [by) _ X il (¢ 1)
(9] ) (¢] )
_ > ‘Ci‘zEZ'
RCE (22.7)

Now, the denominator:

(9] §) = %Cy‘* (5] L i) = ;?Cj*% (W |i)

= ZZCJ*C@'CS@'J = Z ‘Ci‘2 (228)
1) 1
Therefore, ,
i lci| By
E' 9] = <] 5 (22.9)
2 ‘Cz‘
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Now the energies are ordered such that< £y < B3 < --- <

E, < --.. The Eg. 2.9 is a weighted average of these en-
ergies. Hence, the lowest value that E’ [¢] can have is when

¢y = 1 and all other ¢; = 0, that iswhen ¢ isthe ground state
yy. For all otherg, £’ [¢] > E1, hence

E'[¢] > E (22.10)

and its minimum value is whesx = ;. This is the variational
principle.

8. Notice that we had chosen our “basis” functions as theneige
states of the Hamiltonian. If we had not done that we would
have found that the lowest energy that we can geffomiven
a finite basis set, is always greater than or equal to the groun
state energy. To put it in a different way, the lowest valuerof
ergy £’ obtained from any finite basis forms apper bound to
the ground state energy. That is the ground state is eithewbe
or equal to the lowest value @f’.
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9. Now we shall see how we can use the variational princifihe.
important point that the variational principle conveysto usis
that the ground state energy isthe minimumvalue of all possible
energies that any vector can have. We will see how this works
below. Let us expand a “trial” function using some complete
set of vectorgf;), that is|¢) = a; |f;). But let us now assume
that|f;) do not form an orthonormal set. That{g; | f;) # d; ;.

[So {|f;)} areour coodinate system, and we are trying to find
) = a;|fi;), represented in that coordinate system. And in
our case the coordinate system is not necessarily an onlabgo
coordinate system$&o, what space are we in again?]

Then

: (9| H|9)
B = MPI19)
A= )
_ e (fil H 0| fi)
i ai* (f; \<E¢a¢ \j|%>>
_ iy aia;” (f;| H | J; :Zizjaiaj*Hi’jlzz 11
vy ) F) ey S oD

where we have definedd,; ; = (f;| H |f;) andS;; = (fj| fi).
These are called “matrix elements”. Why? Considgr, =

(fij| H |f:), for eachi andj we have one number. If there are N
basis functiond;, then we have aiWv x N matrix. Similarly for

Sii = (f;| fi). Using these definitions we can rewrite the above
equation as:

ZZ CLZ’CLJ'* [Hi,j — E/SZ’J] =0 (2212)
vt
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10. OK. So far we have just rewritten the expressiondbjp|. Now
we want to ask what does the variational principle really m?ea
We said the minimum value of energy that we can get from any
function ¢ is when it is equal to the ground eigenstate. This is
the minimum value of energy. Hence, from calculga% = 0.
Using this in Eq. 22.12:
i ZZ CLZ’CLJ'* [H')j — E/SZ'J} = ZZéMaj* [H@)j — E/SZ'J'} +
Oar 7 5 i

Xi:%:aiéj,k [Hi,j — E'Sz-’j] +

[ oF
%:%:aiaj _aakSZ’]]

= Zaj* [Hk,j - E/Sk’j] +
j
> a; [Hip — E'S; 4]
— 0 (22.13)

which is true for every:. We are free to change thie— j in the
second term of the last equation. Then we note that sihee
Hermitian,H, ,* = Hj, ;.
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11. If we restrict ourselves to real functions and real valogq;
then Eq. 22.13 reduces to:

aaak %:ZCLZ'CLJ'* [H’)j — E/SZ’J'] = 22@:&1 [HL]{; — E/SZ’J{;] = O

! (22.14)
Equation 22.14) is a system of equations. There is one equation
for eachk. And each equation is a linear equation in the set of
unknowns {a;}. Certainly one solution to this system of equa-
tions isa; = ay = a3 = --- = 0. This called thdrivial solution
and in this case is completely meaningless since theould
be zero. For such a set of equations to have a “meaningful” so-
lution, it is required that the determinant:

|H— E'S| =0 (22.15)

Solving this determinant gives U$ which can be used to deter-
mine the eigenstates of the Hamiltonian. This equationlisda
the secular equation. Let us do a couple of examples. (I will d
this on the board.)

Can we now see what we really did in
http://www.indiana.edu/%7Essiweb/C561/PDFfiles/Dineegrdout. pd?
[If you recall, this was a handout given to you during the first
mid-term exam to help you diagonalize a matrix.]
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