Atomic and Molecular Quantum Theory Course Number: C561

2.2 The spin states in the Stern-Gerlach experiment
are analogous to the behavior of plane and circu-
larly polarized light

1. We will show here that when we consider the behavior ofglan
and circularly polarized light (which are considered in aav
forms), then we get behavior identical to what was seen from
the spin states in the Stern-Gerlach experiments.

2. With this we hope to convince ourselves that the spin state
the Stern-Gerlach experiment anlly acting like waves thus
making all our previous observations meaningful, and hence
leading to the basis for thevave particle duality arguments
later (in c.a. 1927) proposed by de Broglie.
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3. What is plane polarized light?

e Lightis made of electric and magnetic fields.

e These are vectors. See the link:
http://www.indiana.edu/%7Essiweb/C561/movies/Eandivhegif
for an animated rendering of the electric and magnetic fields
in light.

e And light is generally represented by a right handed (three-
dimensional) set of vectors.

e The electric and magnetic fields themselves are waves of the
kind:
FE = Eyx cos (kz — wt) (2.6)
wherez is the direction in which the light waves are moving

in time, andk andw are the wave-vector and the frequency
of light.

e The magnetic field vector of light is along thhedirection.

e Note that in the equation above the electric field remains
forever on the x-z plane. Such a wave is said to be plane-
polarized with the direction of polarization along x-axis.
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4. Now consider the following experiment with plane-patad
light.

e Consider a filter that creates a plane-polarized light in the
x-direction.

e This is the same filter that you guys might have encountered
in a general chemistry or P. Chem experiment.

e The way this filter works is, it allows only plane-polarized
light in the x-direction to come out of it. But you may
remember that by rotating the knob you could get plane-
polarization at different angles.

e So lets remember that experiment before we move further:

— There was a polarizer that light was fed into.

— By rotating the knob you could see the intensity reduce
or increase.

— The following figure depicts this experiment completely.

/\ No beam
MR . iy
No light

x filter y filter

Figure 7: The plane-polarized light experiment
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5. Now consider the following analogy between the Sternkggér
SG filter and the x-filter. (We have chosen to use the term filter
for the SG experiment, because thats what it does, it filtets o
everything but the state that has a +ve z-axis contributia#) 9

S;+ comp.

— —— Is Equivalentto _—{ ... ——%

S;- comp.

x filter

Figure 8:

6. Does this analogy make sense? The x-filter allows onlyeplan
polarized light in the x-direction. Similarly th8G filter on
the right side of the above figure only allows states with +ve z
axis contribution ofS.. Perhaps the following picture makes it
clearer:

S+ comp

e ohe —@ T SO No 8;- comp.

S.- comp.

X-Polarized light

No Y-Polarized light

x filter x filter

Figure 9:
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7. Now consider the following analogy between the Sternkggér
SG filter and the y-filter.

S;— comp.

_— —— Is Equivalentto —{ 4.,

L

S. 1
yfilter heamp

Figure 10:

8. And a similar diagram like Fig 6] can be drawn for the y-filter.

9. Note further that x-polarized light fed into a y-filter doaot
yield any light in a fashion similar to the fact that 84 filter
does not yield any states that have negative z-axis cotisibu
of S.. (Compare Fig.{) and Fig. @) which are both reproduced
below for your convenience.)

/\ No beam
J— G,
No light

x filter y filter

S+ comp

S+ comp.

oven Sl — s [ Aot o

10. Thus the analogy between the x- and y-filters withgli&™ and
SG7 filters in now complete.

11. The Sern Gerlach experimental observations are hence very
similar to observations conducted on plane-polarized light.
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12. Now lets consider an analogy for thé'" andSG;; filters.

13. Consider a polarization direction that is 45 degrees rotated
from the x-direction. (y-polarization direction is 90 degs ro-
tated from x-direction.)

Figure 11: Direction of the’Xs 45 degrees rotated from the x-direction

14. Consider the following polarization sequence.
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100%

x filter x'filter y filter

(45° diagonal)

100%

x filter x"filter X filter

(45° diagonal)

Figure 12: You get light from both. Compare this figure witly.Hib).

15. Compare Fig.1(2) above with the Fig.&) which are reproduced
below for your convenience. It does seem like thélter acts

100% X polarized
y polarized
x filter x' filter
S:1 beam. S,+ beam.
S;+ beam.
Cven 8G2 @ SGx @ SG2
- S:- beam.
S.- beam. Sx- beam.

in a fashion similar to th&'GG; filter does.

16. Similarly theSG/, filter acts like the ¥filter. Homework: Can
you argue this in a similar fashion as what we have done
above?

Chemistry, Indiana University 23 (©2003, Srinivasan S. lyengar (instructor)



Atomic and Molecular Quantum Theory Course Number: C561

17. If SGI < X/, can we say tha¥{ G, <y’

18. But:
[z + 9] (2.7)

TrT =

and

- -
(N)

y' = NG =] (2.8)

Due to analogy constructed we must be able to same the same
for the Stern-Gerlach states:

1
SGt = —=[SGT + SG~ 2.9

and |
SG. = —=[SGT - SG- 2.10

19. Hence we may construct this analogy between polarizdgd |i
and the states for the Stern-Gerlach experiment.

20. But wait, we have now resolved the confusion we had in Fig-
ure (6). Now it all makes sense when we look at Figures] in
the same manner as Figurel2). (Ordoesit? Your homework
will tell. :-))

Chemistry, Indiana University 24  (©2003, Srinivasan S. lyengar (instructor)



Atomic and Molecular Quantum Theory Course Number: C561

21.

22.

23.

24.

25.

26.

So it must be that the spin states act in a fashion sinailplaine
polarized light (which are waves as we saw in E2|5)).

This is precisely what de Broglie was to realite(vave particle-
duality) a few years after Stern and Gerlach did this experiment.
But now we can see how it all comes together.

But we now see that our earlier nonsensical remark intgéjn

(page 15) after Fig.q) does make sense after all !!! It must be
true that when we made the X-direction measurement in@jig (
we forgot that the z-direction had been measured before that

In fact, itis true that the/olarizer changes an input x-polarized
beam to an)polarized beam. So, something similar is going on
here with respect to the S@peration on an Sinput.

Thisisactually a very subtle concept in quantum mechanicsthat
Iscompletely non-existent in classical theories. We will see later

on that all makes perfect sense when the correct matheratica
framework is utilized.

To understand these peculiarities it is required thaembark

into some abstract mathematical theories (linear vectaces).

We have already seen that this nonsensical remark actuakgsn
sense for plane-polarized light, but we will see that ali theakes
sense from a more profound level. The one aspect that becomes
clear from the analogy to polarized light is thaectors have a
required property to describe these states. (Note: Thérielec
field directions are vectors. See E@®.6) and also see Figure
(13).) For this reason we consider it important to embark into a
discussion of vector spaces.
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Homework:

Circularly polarized light: In this homework, we will: (a)rét
present an expression for circularly polarized (Ef10) below), (b)
simplify this expression using an identity from complex rhers, (C)
convince ourselves (pictorially) that the expression wespnted is
indeed circularly polarized, (d) construct an analogy lBemsSG
with circularly polarized light.

In Equation R.6) we talked about how plane-polarized light can
be represented using a moving wave. But note here that tine pla
of polarization remains x-z forever. (How do we know that?eTh
electric field remains along the x-axis for all time.) Comsidhow, a

wave that looks like:

1 1
E=F, Ei cos (kz — wt) + ﬁgj oS (kz — wt + gﬂ (2.11)
Note the first term in Eq. Z.1]) is the same as Eq.2(6). But the
second term is out-of-phase By (Do you understand this last state-

ment? If not come see me.)

1. I will now help you show that the plane-of-polarizationtbé
wave in Eqg. R.11]) rotates as a function of time (as opposed to
remaining fixed along;, as Eq. 2.6) does).

(a) Show that Eq.4.1]) is identical to (there is a hint below):

1
E = Ey Re Ea@el(kz_m v %@6@@2_@) (2.12)
WhereRe [- - -] stands for the real part of the bracketed term.

Hint:
i. Take Eq. .12, and substitute!**=Y) = cos (kz — wt)+
1sin (kz — wt). (Do your remember this identity? It is
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from complex numbers:’ = cos (6) + vsin (), we have
usedd = (kz — wt) in this identity.)

ii. Take only the real part (as is required by the operation
Re |- - -]. You will obtain Eq. .11

(b) Consider the following for values of timée= %,t = %—f—ﬁ,
t="t 4o =431 - k44T Ateachvalue of
t, draw the direction of the vector in Eq2.02. Do you
notice anythings special? Does this direction change with
time? Can you comment on what you sée?

(c) Like for the case of plane-polarized light, we propSse;
Eg. (2.11) which we call right circularly polarized due to the
positive sign. You must have noticed in the previous prob-
lem that the rotation occurs in a fashion similar to a right
hand screw which is why it is called right circularly polar-
ized light. If you flip the sign in Eg. 4.11) you will see
that the rotation is similar to that due to a left hand screw
and hence the equation with the flipped sign is called left
circularly polarized light.

(d) We then construct the analogy-,~ < Eq. (2.11) with the
sign flipped. This analogy gives us the relations

1

SG; = 73 [SGT +15G7] (2.13)
and |
SG, = ﬁ [SGT —1SG7] (2.14)

Notice that the makes its appearance here through 2dlL2)

For reasons you see in this example, Ejj19) is calledcircularly polarized light
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(e) Complex numbers already !!

(f) Show that the choice in Egs.2(13 and .14 makes the
statesSGZ, SG; and SG,; symmetric. Hint: To answer
this question, think about the angle betwe&s™ and SG=.
Utilize the connection to x and/xectors and try to obtain
the angle using “dot” products. Now, what are the angles
betweenSG; andSG?

(g) Importantly, from Egs. 4.9), (2.10, (2.13 and .14 we
note that the states correspondingd¢’; and SG, must
form a complete set!! Can you explain why?

So this is a two-dimensional space that can have complex co-
efficients. Hence, in essence SG experiments are explayned b
invoking afour-dimensional real linear vector space!!

2. The quantityja x SGI + b x SG_] which is now an arbitrary
linear combination of the two vectors with (possibly) comypl

values for 4" and “b” is called a “spinor”, since it is an object
associated with the spin of a particle.

3. Spinors form the basis of much what exists now-a-daysen th
guantum information and quantum computing literatures.
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