Atomic and Molecular Quantum Theory Course Number: C561

19 Spherical Harmonics

1. We will now derive the eigenstates of the total angular mom
tum and z-component of angular momentum. That is we will
find what the exact functional forms of thet vectors|/, m) are
that we have been talking about for so long. In particular wie w
solve and obtain exact solutions to EqE8.43 and (18.49.

2. Recall Egs.18.43 and (18.49 are:

L?|l,m)=h%(1+1)|l,m) 1=0,1,2,3,---  (19.67)

and

L.|l,m)=m|l,m) m==xl,+(1—-1),£(1—-2),---,0
(19.68)
We will find here the coordinate representation for kieevec-

tors|/, m) and also prove our assertion regarding the eigenval-

ues.
3. First:
L, = yp. — zpy = —h y% - zaay
L, = zp, —xp. = —h z% — x%
L. = zp, —yp, = —h xgy — %} (19.69)

Chemistry, Indiana University

197 (©2003, Srinivasan S. lyengar (instructor)



Atomic and Molecular Quantum Theory

Course Number: C561

4. In an atom there is spherical symmetry. That is there iqsgm
try about a central point, the nucleus. Hence, to use thisrsph
cal symmetry we would like to transform to a coordinate syste
that looks like a sphere (the spherical coordinate system).

5. Note: In all areas where mathematics plays a role the syrgme
of the problem is exploited to rewrite the problem in the most
convenient coordinate system. In our case for an atomiesyst
the spherical coordinate system turns out to be the most con-
venient. It may not look very convenient to you over the next
couple of pages but you will understand at the end of this-exer
cise as to why it is convenient.
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6. We need appropriate expressionsgggra% and-Z in terms ofr,
6 and¢ so that we can express the angular momentum operators
in the this new coordinate system.

7. We will use the chain rule for differentiation:

o [or] 9 (901 O [9

0
oz \oz),.or  |ox),.00  |oz),. 00

where we have used the fact that y, z) are all functions of
(r,0, ¢) and vice versa as seen in Eq89(70. Also, the symbol
[%]yz means a “constrained” partial derivative. That is while
differentiatingr with respect tar we want to hold? and¢ con-

stant.

(19.71)

8. In a similar fashion we can write down:
9 _[or] 0 _[08) O  [96] &
dy  loyl,.o0r 10yl,.00 L1oyl,.0¢
0 or] 0 [0 O [0¢] O
— == =—+4+|=| =+|==] = (19.72
5 = oz, o 02,00 02)., 00 1072
All we are going to do is use Egs. (19.70) to obtain suitable
expressions for 7, 7 and  in terms of (r, 6, ¢) and use these
to express the angular momentum operators. So lets do it.

Chemistry, Indiana University 199 (©2003, Srinivasan S. lyengar (instructor)



Atomic and Molecular Quantum Theory

9. We recall;

SIS

[\]

T

cost

tan ¢

Course Number: C561

rsinfcoso

= rsinfdsing

= rcosf

(19.73)

10. Using Eqgs. 19.73 we have:

.
|0
.
O

2r

[0z ]y -
06/

Ox

—sinf

1Y,z

1 [0¢]
cos? ¢ | Ox |
D67

0z

Y,z

Y,z

cos 0 cos @

2x = 2rsinf cos ¢

sin @ cos ¢

(19.74)

z 21 rcos

r2 or

rsin 6 cos ¢
3

(19.75)

r

Yy

x2
rsinfsing

_ sing

r2sin?fcos?¢ rsin 6

(19.76)

11. We need to use these in EqL9(7] to obtain% in terms of

(r, 0, ¢).
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12. Using Eqs 19.74, (19.79 and (19.79 in Eq. (19.7] we can
get an expression fof-.

9 [or 0 N 00 0 N 0¢ 0
or  |0xl,.or |0xl,.00 |0zl,.00
. 0 cosfcos¢ O sing 0
= sin# cos ¢87“ + . 5 rsinﬁ@gb\lg'??)

13. In a similar fashion we will get the expressionsfgland%:

14. Homework: Work out [ L [g—z]w, % " 5., 15,
[%]x,y

15. Homework: Using these partial derivatives and using Egs.
(19.72) show that:

o0 Jor 8+ (9«9] 0+[8¢] 0
Ay oyl,.or 10yl,.00 0yl,. 0

., . 0 costlsing 9  cos¢ O

= Sln981H¢aT+ . 8«9+rsin98gb(lg'78)
o [or 0 N 00 0 N 0] 0
Jz |0z vy OT 0z]y,y 00 024y 0P

0 sinf 0
= COS 987“ Y (19.79)
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16. Using these:

L, = yp. —2p, = —th yiﬁz; .
— b rsin@sin¢(?sear_9 S.H; %9) ;
— rcosH (sinﬁsin qb(% + - :m¢@9 + :;Sn% (%b)]
— —4i |sin qb%wotﬁcos %;ﬂ (19:80)
o 9

L, = z2p, —ap. = —th |z — 0=

ox 0z
B , 0 cosfcos¢ O sing 0O
= —ih rcosﬁ(sm@cosgbarJr " 89_rsin98¢>
, 0 sinf 0
— rsm@cosgb(cosﬁar— . 89)}
= —h |cos qbg — cot 6 sin gbgl (19.81)
B 00 0¢ '
0 0

. .. 0 cosBsing 9 cos¢ O
7 sin 6 cos ¢ (Smesm ¢8r + . 50 - Tsin98¢)

o . 0 cosfcosp O  sing O
— sinfsin ¢ (sm@cos ¢8r + . 50 rsin@éM)
0

= iy (19.82)

= —ih
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17. Using these
L’ = L,+L, +L.°

0? 0 1 02
2

18. Now we want to solve:

L2Y(0,6) = bY(6, &) (19.84)

We already know thak? andL. have simultaneous eigenstates.

19. These equations are second order differential equatia will
not go into the details of these solutions.

20. The solutiong’(#, ¢), turn out to have the functional form:

V0, ¢) x Prm(cosh)exp{imeo} (19.86)

and the eigenvaluds= h*l(l + 1) anda = hm. The functions
P1.m(cos 0) are called thessociated Legendre functions and can
be obtained from the following formula:

1 o\ [mly2 M z
Pl,m(x) - ﬁ(l - ) d!+Im| (ZC o 1) (1987)

21. Now, as we will see later (when we study hydrogen atom) the
functions) (6, ¢) turn out to be the angular part of the wave-
function of the hydrogen atom. We will see later on how this
looks for at least small values b&ndm.

Chemistry, Indiana University 203 (©2003, Srinivasan S. lyengar (instructor)



