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19 Spherical Harmonics

1. We will now derive the eigenstates of the total angular momen-
tum and z-component of angular momentum. That is we will
find what the exact functional forms of theket vectors|l, m〉 are
that we have been talking about for so long. In particular we will
solve and obtain exact solutions to Eqs. (18.43) and (18.44).

2. Recall Eqs. (18.43) and (18.44) are:

L
2 |l, m〉 = h̄2l(l + 1) |l, m〉 l = 0, 1, 2, 3, · · · (19.67)

and

Lz |l, m〉 = h̄m |l, m〉 m = ±l,±(l − 1),±(l − 2), · · · , 0
(19.68)

We will find here the coordinate representation for theket vec-
tors |l, m〉 and also prove our assertion regarding the eigenval-
ues.

3. First:

Lx = ypz − zpy = −ıh̄



y
∂

∂z
− z

∂

∂y





Ly = zpx − xpz = −ıh̄



z
∂

∂x
− x

∂

∂z





Lz = xpy − ypx = −ıh̄



x
∂

∂y
− y

∂

∂x



 (19.69)
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4. In an atom there is spherical symmetry. That is there is symme-
try about a central point, the nucleus. Hence, to use this spheri-
cal symmetry we would like to transform to a coordinate system
that looks like a sphere (the spherical coordinate system).

5. Note: In all areas where mathematics plays a role the symmetry
of the problem is exploited to rewrite the problem in the most
convenient coordinate system. In our case for an atomic system
the spherical coordinate system turns out to be the most con-
venient. It may not look very convenient to you over the next
couple of pages but you will understand at the end of this exer-
cise as to why it is convenient.

x = rsinθcosφ

y = rsinθsinφ

z = rcosθ

r2 = x2 + y2 + z2

cosθ =
z

r
=

z√
x2 + y2 + z2

tan φ =
y

x
(19.70)
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6. We need appropriate expressions for∂
∂x, ∂

∂y and ∂
∂z in terms ofr,

θ andφ so that we can express the angular momentum operators
in the this new coordinate system.

7. We will use the chain rule for differentiation:

∂

∂x
=





∂r

∂x





y,z

∂

∂r
+





∂θ

∂x





y,z

∂

∂θ
+





∂φ

∂x





y,z

∂

∂φ
(19.71)

where we have used the fact that(x, y, z) are all functions of
(r, θ, φ) and vice versa as seen in Eqs. (19.70). Also, the symbol
[

∂r
∂x

]

y,z
means a “constrained” partial derivative. That is while

differentiatingr with respect tox we want to holdθ andφ con-
stant.

8. In a similar fashion we can write down:

∂

∂y
=





∂r

∂y





x,z

∂

∂r
+





∂θ

∂y





x,z

∂

∂θ
+





∂φ

∂y





x,z

∂

∂φ

∂

∂z
=





∂r

∂z





x,y

∂

∂r
+





∂θ

∂z





x,y

∂

∂θ
+





∂φ

∂z





x,y

∂

∂φ
(19.72)

All we are going to do is use Eqs. (19.70) to obtain suitable
expressions for ∂

∂x
, ∂

∂y
and ∂

∂z
in terms of (r, θ, φ) and use these

to express the angular momentum operators. So lets do it.
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9. We recall:

x = rsinθcosφ

y = rsinθsinφ

z = rcosθ

r2 = x2 + y2 + z2

cosθ =
z

r
=

z√
x2 + y2 + z2

tan φ =
y

x
(19.73)

10. Using Eqs. (19.73) we have:

2r





∂r

∂x





y,z
= 2x = 2r sin θ cos φ





∂r

∂x





y,z
= sin θ cos φ (19.74)

− sin θ





∂θ

∂x





y,z
= − z

r2

2x

2r
= −r cos θ

r3
r sin θ cos φ





∂θ

∂x





y,z
=

cos θ cos φ

r
(19.75)

1

cos2 φ





∂φ

∂x





y,z
= − y

x2





∂φ

∂x





y,z
= − rsinθsinφ

r2sin2θcos2φ
= − sinφ

r sin θ
(19.76)

11. We need to use these in Eq. (19.71) to obtain ∂
∂x

in terms of
(r, θ, φ).
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12. Using Eqs (19.74), (19.75) and (19.76) in Eq. (19.71) we can
get an expression for∂

∂x
.

∂

∂x
=





∂r

∂x





y,z

∂

∂r
+





∂θ

∂x





y,z

∂

∂θ
+





∂φ

∂x





y,z

∂

∂φ

= sin θ cos φ
∂

∂r
+

cos θ cos φ

r

∂

∂θ
− sin φ

r sin θ

∂

∂φ
(19.77)

13. In a similar fashion we will get the expressions for∂
∂y and ∂

∂z :

14. Homework: Work out
[

∂r
∂y

]

x,z
,

[

∂θ
∂y

]

x,z
,

[

∂φ
∂y

]

x,z
,

[

∂r
∂z

]

x,y
,

[

∂θ
∂z

]

x,y
,

[

∂φ
∂z

]

x,y
.

15. Homework: Using these partial derivatives and using Eqs.
(19.72) show that:

∂

∂y
=





∂r

∂y





x,z

∂

∂r
+





∂θ

∂y





x,z

∂

∂θ
+





∂φ

∂y





x,z

∂

∂φ

= sin θ sin φ
∂

∂r
+

cos θ sinφ

r

∂

∂θ
+

cos φ

r sin θ

∂

∂φ
(19.78)

∂

∂z
=





∂r

∂z





x,y

∂

∂r
+





∂θ

∂z





x,y

∂

∂θ
+





∂φ

∂z





x,y

∂

∂φ

= cos θ
∂

∂r
− sin θ

r

∂

∂θ
(19.79)
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16. Using these:

Lx = ypz − zpy = −ıh̄



y
∂

∂z
− z

∂

∂y





= −ıh̄



r sin θ sin φ



cos θ
∂

∂r
− sin θ

r

∂

∂θ





− r cos θ



sin θ sin φ
∂

∂r
+

cos θ sinφ

r

∂

∂θ
+

cos φ

r sin θ

∂

∂φ









= −ıh̄



sin φ
∂

∂θ
+ cot θ cos φ

∂

∂φ



 (19.80)

Ly = zpx − xpz = −ıh̄



z
∂

∂x
− x

∂

∂z





= −ıh̄



r cos θ



sin θ cos φ
∂

∂r
+

cos θ cos φ

r

∂

∂θ
− sin φ

r sin θ

∂

∂φ





− r sin θ cos φ



cos θ
∂

∂r
− sin θ

r

∂

∂θ









= −ıh̄



cos φ
∂

∂θ
− cot θ sinφ

∂

∂φ



 (19.81)

Lz = xpy − ypx = −ıh̄



x
∂

∂y
− y

∂

∂x





= −ıh̄



r sin θ cos φ



sin θ sin φ
∂

∂r
+

cos θ sinφ

r

∂

∂θ
+

cos φ

r sin θ

∂

∂φ





− sin θ sin φ



sin θ cos φ
∂

∂r
+

cos θ cos φ

r

∂

∂θ
− sinφ

r sin θ

∂

∂φ









= −ıh̄
∂

∂φ
(19.82)
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17. Using these

L
2 = Lx

2 + Ly
2 + Lz

2

= −h̄2







∂2

∂θ2
+ cot θ

∂

∂θ
+

1

sin2 θ

∂2

∂φ2





 (19.83)

18. Now we want to solve:

L
2Y(θ, φ) = bY(θ, φ) (19.84)

LzY(θ, φ) = aY(θ, φ) (19.85)

We already know thatL2 andLz have simultaneous eigenstates.

19. These equations are second order differential equations. We will
not go into the details of these solutions.

20. The solutionsY(θ, φ), turn out to have the functional form:

Y(θ, φ) ∝ Pl,m(cos θ) exp {ımφ} (19.86)

and the eigenvaluesb = h̄2l(l + 1) anda = h̄m. The functions
Pl,m(cos θ) are called theassociated Legendre functions and can
be obtained from the following formula:

Pl,m(x) =
1

2ll!

(

1 − x2
)|m|/2 dl+|m|

dxl+|m|

(

x2 − 1
)l

(19.87)

21. Now, as we will see later (when we study hydrogen atom) the
functionsY(θ, φ) turn out to be the angular part of the wave-
function of the hydrogen atom. We will see later on how this
looks for at least small values ofl andm.
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