Atomic and Molecular Quantum Theory Course Number: C561

E Probability Current

1. Consider the time-dependent Satinger Equation and its com-
plex conjugate:

s, h? 02
s, h? o2
- Zha?ﬁ*(ﬂ% t) = Hy (z,t) = [—maxg + V] V()

(E.17)
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2. Multiply Eq. (E.16 by v*(z,t), and Eq. E.17) by ¢ (x, t):

¢*($,t)lh%¢(l‘,t) - ¢*($at)H¢($at)
. h? 02
= Y*(x,1) —%@—FV Y(x(8.18)
0 * *
h o
= P(z,t) —%@7”/ V({ELL9)

3. Subtract the two equations to obtain (see that the tewoé/ing
V' cancels out)

P L WP K o)
— w(x,t)aa—;¢*(x,t) (E.20)
or
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(E.21)
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4. If we make the variable substitution:

h 0 0
o D

(whereZ |- - -] represents the imaginary part of the quantity in
brackets) we obtain

1, 0

ap(x,t) — —aj (E-23)
or in three-dimensions

gl ) YT =0 (E.24)

5. Equation E.24) looks like the continuity equation of a classical
fluid. Hence7 is a flux. In fact7 is the flux associated with the
probability density and is hence called the “probabilityremt”.

6. (Continuity equation of a classical fluid is basically théow-
ing: If you have a small volume element in a fluid. The change
in density in that volume element is given by the amount ofiflui
coming into the volume element minus the amount going out.
That is, flux in minus flux out. The mathematical form of this is
Eqg. (E.29). Hence the time-dependent Setdinger Equation is
a continuity equation.)
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7. Homework:
(a) Prove tha{V - J = 0} for astationary state.
(b) Calculate the probability current for:

exp {1kx}

X

Y =

(c) Find a relation between the probability currgntand the
action functionS that we introduced in the previous extra
credit homework. Simplify this expression using Eé.1§.
Explain your result.

(E.25)

(d) For the case of the 1D barrier that we studied earliengusi
the scattering perspective, calculate the probabilityenir
for ¢/, for x < 0, and forx > 0.
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