Atomic and Molecular Quantum Theory Course Number: C561

11 Tunneling through a one-dimensional Step Function: Tre&
ment using time-independent scattering

1. Consider a step potential:

V(ie)=0 x<0
Vie)=Vy, x>0 (11.37)

So this is an unbound system.

2. The time-independent Sd@dinger Equation in the two regions:

R 92
- @) = Byle), @ <0
h? 92
{_Qmaﬁwo V(o) = Bo(e), x>0  (11.38)
or
2
T @) + k@) =0, k=
2 om (E — V,
% (2) + K*(x) =0, k= ¢ m(h 0 r > ((11.39)
X
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3. Use our favorite method to solve differential equatiam$ guess:
Y(x) = exp{sz} to obtain

2mE
S4kt=0, k= ;n x <0
2m (E — W
s+ k* =0, /f—Vm(h O)xzo (11.40)
and
s=dky x<0 (11.41)
s=adk x>0 (11.42)

and the solutions in the two regions are:
Yi(z) = Aexp{ikoz} + B exp{—koz} (11.43)
Yr1(z) = Cexp{ikz} + D exp{—ikx} (11.44)
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4. Now theboundary conditions

(a) Continuity of the wavefunction at=0:
A+B=C+D (11.45)

(b) We require that the derivative of the wavefunction be-con
tinuous atr=0. Note: We never used this in the particle-in-
a-box. Does it make sense to use this? The kinetic energy
operator is the second derivative operat@, it is the first
devotion of%2. Hence if%- is not continuous, it cannot be
differentiated and hence ﬂ% will not be defined. Invok-
ing this we have:

ko(A—B)=k(C — D) (11.46)
(c) Equations11.495 and (L1.49 can be used to eliminate:
O I R iy (11.47)

ko + k ko + k

which is obtained by multiplying Eq. 11.49 by &, and
adding with Eq. {1.49. We can also use Equatiorkl(49
and (11.49 to eliminateC'"

ko — k 2k

A
ko + k +k0+k

which is obtained by multiplying Eq.1(L.49 by k& and sub-
tracting from Eq. {1.469.

B =

D (11.48)
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(d) SubstitutingB andC' into Eqs. (1.43 and (L1.44, we can

write:
¢]<l‘) = ¢]]<$) = Albl(l‘) -+ Dwg(af) (11.49)

where
— k Ko — k 0.50
i(x) = exp{ekor} + k0+kexp{—z o}, x €0.50)

k
P (x) = k02+0k exp{tkz}, x>0 (11.51)
and
= 2k k 0 11.52
Uo(x) = otk exp{—tkor}, T < (11.52)
ko — k

Yo(z) = exp{—ikz} — kz "y exp{tkz}, = XA1.53)

Homework: Prove these equations.

(e) Note:; andiy, are themselves solutions to the Sadlinger
Equation. Furthermore, they are continuousat 0 and
they have the same derivativesrat 0. (Homework: Show
this.) Hence these are acceptable solutions for us. !!!
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5. Lets now analyze these equations:

(a) exp{:kz} is a plane wave.

(b) What isk? You may recall from the homework assignment
in Eq. (4.8) that the plane wave is an eigenstate of the mo-
mentum operator anflk is the corresponding eigenvalue.
Sinceh is a constant this implies thatis proportional to the
value of the momentum.

(c) Hence, we may saxp{:kz} is a plane wave with positive
momentum andxp{—:kx} is a plane wave with negative
momentum. (Remembek:is the wave vector.)

(d) In that case we can analyze Eq4.1.60, (11.57), (11.52
and (L1.53 in the following fashion.

(e) Lets take Eqg. 11.50. A wave with momentunk, (repre-
sented by the first term in Eq.11.50) moves towards the
step-function potential. The wave gets scattered off the po
tential and a portion of it gets reflected back. The wave re-
flected back is represented in the second term in EQ50.

(f) Note that this second term has a negative value for theewav
vector, as should be the case since this wave is moving back-
wards, that is away from the step function potential. The in-
tensity of the reflected wave is given by the pre-fa(%ggg
(Shall we call this is a reflection coefficient. We most cer-
tainly can. )
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(g) In a similar fashion the term in Eq11.5)) represents what
happens on the other side of the step-function potentialt Th
is a portion of the incident wave actually makes it through
the potential (gets transmitted through) and continuesto g
along the positive direction. So the pre-factor in frontlogt
term should be the transmission coefficient.

(h) OK. So the function);(z) represents a scattering process.
The scattering of a wave that is coming in from the left hand
side with momentunt,, gets scattered off the step-function
potential, part of the wave gets reflected from the potential
and the other part gets transmitted through.

(i) OK. So what doeg»(z) represents. Turns out we can follow
the exact same logic as we did for(z), while we analyze

Vo).
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() Consider Eg. {1.53. A wave is coming from the right(!!)
with a momentunk. Goes towards the potential. The po-
tential this wave sees is exactly the opposite as the inapmin
wave inyy(z) felt. (Remember the incoming wavedn (z)
felt a step function which was an increase in the potential
energy as it approached= 0. The incoming wave in(x)
feels now the opposite potentiale., a step potential that
goes down a step

(k) The incoming wave from the right gets scattered off thas p
tential and getseflectedoff this potential (the second term
in Eq. (11.53. And then some gdransmittedthrough the
potential (the term in Eq.1(1.59.

() Both 1 (x) and(x) represent functions corresponding to
scattering processes. One from the right and the other from
the left. Both allow for waves to get reflected and scat-
tered through the potential that they see!!

(m) Any general solution (such ag;(z) and;;(x)) is a lin-
ear combination of these two scattering states as seen in Eq.
(11.49.

6. But we have now found a rather “different” way of solvingiu
problems. We can use the scattering phenomenon to solwe thes
problems.

Chemistry, Indiana University 94 (©2003, Srinivasan S. lyengar (instructor)



Atomic and Molecular Quantum Theory Course Number: C561

7. Consider the reflection coefficient for the wawgx). Lets call

11.

this R;. The probability of reflection is then defined as the
square of this function:

2 2

ko — k
ko + k

_‘1—u
14

2m(E-Vp)

vV, ok MEmETW)
_ - _r_ 11.55
- E k  VowE (11.55)

‘ 2

R (11.54)

where

. There are two possibilities for the energy< Vi, E > V.
. Lets first consideE > V.
10.

We can see the graph f& as a function of: on the board. (I
will draw it, but you can certainly work it out using the above
equations.)

This graph says that for finite values Bf > 1| the wave can
still get reflected (sinc151’~21|2 IS non-zero and becomes zero only

asFk — oo ). This is really weird and completely non-classical.
Over-barrier reflection!!
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12. What happens to the transmission coefficignt

9 2 2

_| 24
1+

(11.56)

0 0.2 0.4 0.6 0.8 1
mu =kikg=sqrt[1- Vy/E]
13. ForE > Vi |R|* + Ty = 1.

14. This graph indicates again that the transmission isrreyeal
to 1 unless the energl is infinitely large (which is consistent
with the previous result foR;).

15. Note from Eq. 11.59 thatu isrealfor £ > V. Butfor £ <V,
L 1S purely imaginary becauseé is purely imaginary (Why?)!
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16. Lets now consideF < Vj. i IS pure imaginary.
17. But|R;|> = 1. Homework: Prove this for £ < V.

18. This makes sense since a classical particle may beytoall
flected at the step.

19. But: the wavefunction on the right side is not zero.

2k
— > :
() oy exp{ikz}, x>0 (11.57)

and note thak is imaginary. Hence this function goes down
exponentially as we move further to the right from the step.

20. But the particle catunnelthrough into the classically forbidden
region.
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21. We have now treated the simplest collision problem theatan
think of.

22. We have treated the collision of a particle off a baraed we
find that the particle can transmit through the barrier sipex-
tive of whether its energy is lower or higher than the barrier
height.

23. In many ways this is the simplest chemically reactivaesys
that we can think of. (We will see more about this in the next
subsection.)

24. If we consider the states to the left as the reactantdenstates
to the right as the products we may consider this processsfar
from the reactants and producing the products {fgror vice
versa (fory»,).

25. The transition probabilities (from reactants to prdduar vice
versa) at any given energy are given by the respective rigltect
and transmission coefficients.

26. Quantum reaction dynamics (or quantum scattering yhae®it
is more appropriately called) is essentially a generabmnadf
the procedure we just saw, for arbitrary potentials. (Adoy
potentials as in two general reactants may exert a potesial
each other that is different from the step function that weesha
seen here. We have approximated this to be the case here so as
to illustrate the concepts.)
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27. Note: We have done all this in the time-independent petse.
But one could choose to treat it in the time-dependent perspe
tive and the math would be different!'You may get different
solutions depending on whether separation of space andisime
valid or not !!)

28. If you wonder what the thermal rate constant is: it is theon-
ical average (at constant temperature) of the transitiobaduil-
ities that we just calculated. (We calculated the simplashf)
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11.1 Isomerization of ammonia using a square potential baier in one-
dimension

1. Consider the following potential surface as a simple rémle
the isomerization of ammonia:

2. We will split the region into 3 portions and we will proceasl
we did in the previous section.

3. As we saw in the last section, we may construct this prolgm
looking it at it in a “scattering” sense.

4. We have one wave coming from the left and hits the target.

5. Part of the wave gets reflected off the target and a portas g
transmitted through the first edge.

6. The wave transmitted through the first edge again gettesedt
off the second edge, part of it getting reflected backwardsaan
part of it getting transmitted through.
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7. Hence we may write the contributions to the wavefunctmine
three regions as

Ur(x) = exp{ikor} + Rexp{—ikox}, (z < —a) (11.58)
Pi(x) = Arexp{likx} + Byexp{—ikz}, =z € [—a,(#d].59)
Y (x) = Texplikoxr}, (x> a) (11.60)

(11.61)

wherek,® = 24 andk?® = W as earlier.

8. A similar set of equations may be obtained when we consider

wave going towards the target from the right. (Note this wioul
be similar to what we wrote down &s in the previous section.)

9. But here we can invoke symmetry. And we can galoes not
matter from which side you hit the targeBince the potential
iIs completely symmetric. The left and the right side (or the
target) are the same here . 3}).

10. We are lucky symmetry holds here. But in nature, we are
generally lucky!! Some kind of a symmetry or other always
holds in chemical problems we study.

11. So we need to worry only about the solution above.
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12. So we need to solve for the four constaftsA;, B; andT.
Using continuity of function and derivative atu we get

exp{—1koa} + Rexp{tkoa} =
Ay exp{—ika} + By exp{ika} (11.62)
ko [exp{—1koa} — R exp{ikoal] =
1k [Ay exp{—1ka} — By exp{1k{}1.63)
Using continuity of function and derivative at= +a we get

T exp{ikoa} = Ajexp{ika} + Byexp{—tka} (11.64)
Tikgexp{ikoa} = 1k [A;exp{ika} — By exp{—1kql]1.65)

Four equations in four variables that we can solve this tajet
Al, By andT'.
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Homework: Consider the following simplified model for an en-
dothermic reaction.

1. Write down the time-independent Sodimger Equation in all
three regions.

2. Write the general solution in the three regions using tted-s
tering approach we considered. (Note: This situation iskanl
what we studied in class, in that it is not symmetric. Henae yo
will need to write down both solutiong.e. scattering due to
waves coming from the left and those coming from the right.)

3. Write down the boundary conditions that you will use toveol
for the coefficients.

4. Use these boundary conditions to write the equationswiiat
be used to obtain the coefficients.

5. Explain in words how you will solve foR andT'.

6. Extra Credit: Go ahead and solve the equations to ednd
T.

The reflection and transmission coefficients are, as you kreew
lated to the transition probabilities in this “chemical ecBan” and
the chemical reaction rate can be obtained from these. Wharra
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realistic potential is used, you can get results in very gagréement
with experimentHence quantum mechanics is predictive!!
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Homework: Consider the following variation of the particle in a
box.

1. Write down the time-independent Sodimger Equation in all
three regions.

2. Write the general solution in the three regions.

3. Write down the boundary conditions that you will use toveol
for the coefficients.

4. Use these boundary conditions to write the equationswilat
be used to obtain the coefficients.

5. Extra Credit : Go ahead and solve these equations.
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