Atomic and Molecular Quantum Theory Course Number: C561

20

1.

The Hydrogen Atom

We want to solve the time independent Schinger Equation for
the hydrogen atom.

. There are two particles in the system, an electron andlaunic

and so we can write the Hamiltonian as:

h? o,  Ze

HF R)=——V?— — V2% — A (20.1)

2m 2M

We have already seen earlier that the spherical coosdsyast-
tem is ideal to solve such problems, on account of the spdileric
symmetry of atoms.

. We did go through quite a bit of algebra to write the angular

momentum operators in spherical coordinates. Here we @4l s
that the operatoV? there are some rules that we can use to make
our life a little simple.
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5. But lets see if we can first reduce this problem to a simpiaop
lem.

6. There are two particles, the electron and the nucleus a®t
sume the vectoR represents the position of the nucleus (mass
M) and the let' represent the position of the electron (mags

7. What is the center of mass of this system? The positioneof th
center of mass is given by the vector:

- mr + MR
Ry = 20.2
oM = (20.2)
and lets introduce the vector:
P ov=R—7 (20.3)

Or we can write the old coordinates in terms of the new as:
m

R = Rcy+ . 20.4

CM MT N ( )
and

7 — Reoy — . 20.5

r RCM m MT N ( )

Homework: Show Egs. 0.4 and (20.5 to be true.
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8. So now we have introduced two new coordinates, the cehter o
mass vector, and a vector denoting the position of the electr
with respect to the nucleus. (As we will see later this newo$et
coordinates are more convenient to work with.) Lets see if we
can write the kinetic energy of the two particle system imgr
of these two new coordinates.

2 2
Dr PR
T = o
2m+2]\24
1 |dRl” 1 1arP?
— M= +Iml=
oM T

— . 2
dRCM m d’l”e_]\f

1
2 i miM dt

_|_

2

1 |dRcy M dF._y
_m J—
2 dt m-+ M dt
— 2
1 dRey” 1 ( mM \\|di,_yP
— (M - 20.
5 (M +m)— +2(m+M) dt ‘(06)

9. Homework: Show Eq. (20.6) to be true. To achieve this real-
ize firstthat |@|° = @ - @.

10. Now if we represent thotal mass M,,, = (M + m) and the
reduced masg: = (;f) then we have

2

1 dRoy | 1 |d7_n|
T = —M,,——=| +=
Mt = M T g ‘
2 2
Pom Pe—N
— 20.7
2M o1 " 24 ( )
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11. Now lets see if we can use all this to simplify the hydrogtm
Hamiltonian. Consider the kinetic energy part of the Hawrilt
nian as seen in £Eg20.1):

- h? h?
T — _ 2 " 72
_ b R
- 2m j oM
_ Pcm + Pe—N
2Mo 2
o, h?_,
= — — — 20.8
2Mt0th0M QIuvre—N ( )
and the Hamiltonian for the Hydrogen atom becomes:
2 2 2
Z
R v inv c (20.9)

2Mt0t Bom ﬂ reeN ‘Te—N|

12. Now, the time-independent Safinger Equation that will be ob-
tained from using this Hamiltonian will be a second order dif
ferential equation. Why? Because this Hamiltonian costain
second derivative terms.

13. Now note that this Hamiltonian can be written as the sutwof
terms one that only depends &}, and the other that only de-
pends on._y. Such Hamiltonians are called separable Hamil-
tonians and in such cases one can always make the approxima-
tion that the solution to the time-independent &tinger Equa-
tion will be of the product form

V(Reowm, re-n) = X(Rom)Y(re—n) (20.10)
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14. Note, we used this separation idea when we reduced tlee tim
dependent Sdidinger Equation to the time-independent &dinger
Equation in Section.7. We also used this exact same idea in
solving the angular momentum problem in Eq9.89, (19.85
and (19.86.

15. As must be clear by the repeated use of this idea of separat
“separation of variables” is a powerful approach to solveyna
kinds of differential equations. We will use it here to sotte
Hydrogen atom problem.
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16. The time-independent Siatiinger Equation for the hydrogen

atom is:
hz 0 hQ , Z62
- 2 a v e— = KU T \
QthszCM QMVTQ‘N [7e—n| (Rev,Te-n) (Row,re-n,
(20.11
h2 9 h2 ) 262
{_2Mt0tVROM B ﬂvre—N - ‘Te—N‘ X(RC'M)w(Te—N)
= EX(Rom)Y(re-n) (20.12)
h? , 2 2
_ 2Mt0t¢(T€—N)VRC]\/[X(RCM) - EX(RCM>VT6_N¢(T6—N)
7Ze?
— X(Rey) ——U(re—n)
‘Te—N‘
= Ex(Rewm)y(re-n)(20.13)
Dividing both sides by (Rc)i(r.—n) we obtain:
h? 1 . 2
— v2 R 4 B v% .
2Mio X(Bcnr) ea X Beu) V(re_n) | 2u .y (re—n)
7Ze?
- Y(re-n)| = E (20.14)
|T6—N‘

And again we will use the same trick that we used in simplifyin
the time-dependent Sodinger Equation in Sectio?. We note
that the first term on the left depends only Bpa,,;. The second
term on the left depends only ep_ . But they add up to a con-
stantE. The only way that can hold true is if both of these two
terms are independently equal to a constahbufd familiar?}
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17. Now if we were to say that = £, + E'r,,,, such that:
ool

B I =F 20.15
M, X(RCM)VRCMX(RCM) Rens ( )
and
1 h’ 7Ze?
— V2 r. . ro _
w(re—]\f) 21u re—N¢( N) ‘Te_]\f|w( N) "
(20.16)
then Eq. 20.19 above is simply:
h2
_ 2MtOtV%’CMX<RCM) — Epe X(Rowr) (20.17)

which has a form identical to the particle in a box time-inelegent
Schiodinger Equation, but notice that we will have no boundary
conditions for this particular case &f-,,. (That is the center of
mass of the hydrogen atom is not confined to remain inside in
any space as the particle-in-a-box was, that is the hydratmn

as unconfined translational motion.) And recall that it waes t
boundary conditions of confinement that enforced discitates

(or quantization of energy levels) for the particle-in-@axlzase.
And since there is no confinement of center-of-mass here we
may expect the eigenstates in EQ0(17) to be continuous, that

is defined for all energies. The general solution to EX0.17)

IS:

X(Rear) = Aexp tkRey] + Bexp [—tkRo] (20.18)

2Miot E ; . .
herek = Y"""""CM ag in the particle in a box case. Another
important condition that arises from here is that

h2 k2
2Mt0t
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18. Now lets consider Eg.20.169 which represents the “internal
structure” of the hydrogen atom.
R 7 e’

2
o @Vre_ﬂﬁ (TG—N) o

Qﬁ(re—N) = Eu¢(re—N)

(20.20)
Notice that this equation depends on the relative displacém
of the electron with respect to the hydrogen nucleus. Hereee w
have achieved a separation of variables as stated earlhers T
the total energy of hydrogen atomis = E, + Eg.,,, Where
FEr.,, Is non-negative as shown earlier and corresponds to the
translational motion of the center-of-mass, d)ds the internal
energy due to the relative motion of the electrons and nscleu
which is what we are about to discuss now.

|T6—N‘

19. As noted in the angular momentum case it is always coauméni
to choose a coordinate system that represents the symnietry o
the problem. In this case, again, there is an inherent sgdleri
symmetry that is enforced by the potential. What is meant by
this statement is that as the electron moves on the surfage of
sphere of any radius, with the nucleus at the center of thersph
it feels the same potential all through since the potentialgy
is only a function ofir._y|. This is called spherical symmetry!!
In general, we should note that the symmetry of the problem is
that enforced by the potential energy function and the siibje
of group theory is based on exploiting such symmetries te sim
plify problems of quantum mechanics and in many cases obtain
accurate qualitative results without doing much of algebra

3In fact group theory is useful to simplify the solution of apgrtial differential equation, and the Schrodinger
Equation is one such equation. But we will not concern oueselvith these more general arguments during the
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20. Back to Eqg.20.20 we need to writéV%e_N in spherical coordi-
nates.

21. We could go through the same algebra that we did earlieingl
the angular momentum study) and we would get the correct form
of the LapIaciarW%e_N. Alternately, we could introduce a more
general approach here that will tell us how to derive the aapl
cian in any arbitrary coordinate system which could be Usefu
for us to avoid tedious algebra in the future. We will chodse t
second approach.

22. We will first introduce a concept called the metric ten3tiese
two words essentially mean “length element”. And the lergdth
ement has to be different in different coordinate systemisiléV
in the Cartesian coordinate system the length elementsvibaul
along ther, y andz directions, in a spherical coordinate system
the length elements would be along they and ¢ directions,
which are obviously different. The metric tensor is a matrix
that basically tells us how these length elements relata¢h e
other when we go from one coordinate system to another. €In th
present case we want to go from the Cartesian to the spherical
coordinate system.)

23. The metric tensor is defined in the following fashion foraans-
formation from{x, y, 2} — {uy, us, u3}. (Note that for a spher-
ical coordinate systerfu, us, us} = {r, 0, ¢}.)

H_axax+ay (‘9y+8z 0z
ig = (9u@ (9uj (9ul (9uj 8uZ (9uj

(20.21)

current course.
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wherei, j can be 1, 2, 3, for the coordinate system transforma-
tion that we are interested in.
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24. For illustration we can write down the metric tensor foe t
{z,y,z} — {r, 0, ¢} transformation as (using Eqsl9.73

Ordx Oydy 0z0z
gL = 87'87“—'_87“87“—'_87'87':1
Oxdx Oydy 020z
g2z = gege*ge%f%e%e:r
rdx  Jydy 020z 5 .,
933 = 3¢8¢+8¢8¢+8¢8¢:T sin“ 0
(20.22)

And we also find that; 2 = g21 = 913 = 931 = g23 = g32 = 0.

25. So how does the metric tensor help us? It turns out that the
Laplacian for suclorthogonalcoordinate systems (whegg; =
0 for ¢ = 4) can be written as:

1 0 0
V2 _ Z g
i g2 0u; | gii | Ou;
whereg is the determinant of the metric tensor. Hence in our
caseg = g1 X g22 X g33 since the off-diagonal elements are
zero. The gradient operator is given by:

1/2

(20.23)

u; 0

— 20.24
v Zi:\/gz',iaui (20.24)

Hence the Laplacian forz, y, 2} — {r, 0, ¢} is:

1 0 0 0 0 o[ 1 0
2 2 . e Y . e

v _TQSine{ar g Smear +89 Sme(‘?@} +8gb Sine({?gb”
(20.25)

Homework: Go ahead and show that Eq. 20.29 is correct
by working out the algebra.
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26. Recognize that th¢ and ¢ dependent operators lead to a term
that is identical to thd.? operator derived in the spherical har-
monics section, that is in Eq19.83.

27. So the solutions to the speherical harmonics problenthare
same as those forragid rotor !!
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28. So now lets go ahead and simplify EQ0(25.

V2 = 1o _7*23_ + icoteg + L o + e
r20r | or]  r? 00 r2002  r2sin®00¢?
10,01 1 o 0 1 0?

2 _ - 2 7 - ( 2
Vs o M) T e e T Sin296¢2\}20 %)

Notice the similarity between the square bracketed terntlaad
angular momentum operator in EGY(83. Thus we can rewrite
Eqg. 20.20 as

h? { 1 s,
(
0> 1 02

~ %
cot 92 + - + 5
06 062 sin? § O¢p?

Ze?

r _N¢<T6_N’ ‘97 Qb) = Eﬂw(re—Na 97 qb) (2027)

Here we have gone back to using y for the radial coordinate
which explains why the equation has become so long. Now us-
ing the definition of thd.? operator in Eq.19.83,

2 a

0
are—N

(706—1\7)2

Te—N)2 87’6_]\[
h?
QU(Te—N)Q

¢(7“e—Na 97 ¢)

(1 0 1,
_QM{re_NQ(‘),r,e_N T'e—N 87'6_]\[ } + Q/L’I"Q_NQL ¢(Te—N>9a¢)
7 2
- er(re_N,ﬁ,ab) = E(re-n,0,¢) (20.28)
or
h? 0 5 O Ze*
{_QMT€N28T6N {re_N @Te_N] - TeN}w(T6N7‘9’¢)
1
b L2y, 0,0) = Eab(re_n,0,¢{20.29)
QU(Te—N)
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29.

30.

31.

From the last couple of equations we notice iizais the only
part of the Hamiltonian operator that depend¢9@md¢. Hence
we can see whyH, L?| = 0, and similarly the commutator of
the Hamiltonian withL, is also zero.

We also notice from Eg20.29 that the Hamiltonian has a sep-
arable form that we discussed earlier. On account of this, we
propose the solution to this differential equation to be:

¢<T6—N7 ‘97 gb) — R<T6—N)y<‘97 gb) (2030)
where) (0, ¢) are the spherical harmonics, the solution to the
angular momentum part as discussed earlier.

Now using Eg. Z0.30 in Eq. (20.29 and noting thap/(0, ¢)
eigenstates df.> with eigenvalue&?/(l + 1)

h? 0 5 O Ze?
y0.0] -5t [rovig ] - 2Ry
R+ 1)

R(re-n)V(0,9) = E,R(re-n)V(0,0)
(20.31)

Dividing by Y(6, ¢) (we have been doing this dividing stuff for
quite sometime now, right?)

2N<T6—N)Q

h’ 0 5 O Ze?
{_QMT6—N2 87’6_]\[ TN ar@—N B Te—N}R(Te—N)
RA(1+1
Y R 3) = EyR(r-y) (20.32)
2N(T6—N)

which is a second order differential equation f(r._y) The
solutions to this equation are related to what are known @s th
Laguerre polynomials.
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32. How do we solve Eq20.32.

33. Lets first analyze the equation. The term involving thevde
tives can be interpreted as a second derivative operatdrearuk
a radial kinetic energy (notice the angular kinetic energasw
discussed above) of 5. The two other terms are like an ef-

fective potentlal h (“”1%2 - TZez . This is an effective potential
Te—N e—N

, plus an additional
potential that includes the mfluence of the angular depecele
Hence this is a “spherically averaged” potential. Hencentbte
effective potential has the following functional form:

34. We would now like to go to reduced units, to make our défer
tial equation simpler looking. We may first rewrite EQO0(32
by multiplying throughout by—%% and collecting terms on one
side to obtain

1 0 5 O (I+1) 2u Ze?
o— — E
{’I“e_NQ oo~ Te— N Or ~ (Te—N)2 + p2 | n + R
R(?”e_]\f) =0
(20.33)
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35. Then to make the equation look simpler we make the foilgwi
substitutions:

20F
o = — IL;QM
uze?
)\ pr—
ha
p = 2ar. N (20.34)
to obtain
18[28] (+1) 1 A}
— || - ——+2IR(p) =0 (20.35)
{/ﬂ@p apl  (p° 4 p (v)

36. Homework: Obtain Eqg. (20.35 from Eq. (20.33 using the
definitions above.
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37.

38.

To solve Eq. 20.40 we will use a power series approach. But
before we do this, we analytically solve Eq20(35 in some
limiting values ofp (for example we will first solve this equation
for the case of large and small. This is done to simplify our
problem. Then we take these solutions for the limiting casek
multiply it with a power series with unknown coefficients. Wo
will see what | mean in a little while.

First lets see if we can solve EQO(39 for the case of largep.
But before we proceed, realize that:

10,0 0 20
| = =+ == 20.36
p*Op [p 8p} o7 pdp ( )
Using this in Eq. 20.39, for p — oo we obtain:
P R - "Rip) =0 (20.37)
0p? Pr—y™\P = '

This equation looks familiar!! (similar to PIB, do you seePhe
solution is:

R(p) = Aexp[—p/2] + Bexp[p/2] (20.38)

If o were imaginary, the states are unbound!'R(p) is totally
delocalized and there is always a probability of finding the
electron infinitely far from the nucleus. This corresponds
to an ionized state of the hydrogen atom (free electron) !!
The energy is positive.But if « is real, £, is negative and the
wavefunction must be finite for ghl (which is proportional to
r._n). HenceB = 0 in this case. (Because&p [p/2] would
blow up for largep.)
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39. For the case of smallp: Before we proceed further we simplify
Eqg. 20.35. Why? We need a simpler equation to solve un-
der the condition of smalp. After-all, we are obtaining these
solutions to large and smallto help us in solving Eq.20.39
completely. Hold-on, and you will see what | mean.

Now note that o 5 e
— | === 20.39
p*Op [p 8p} 2F ( )
and since there is &/p dependence in all terms of EqRQ.39
(except the 1/4 term), lets substituie = U/p and use Eq.
(20.39 to further simplify Eq. 20.35:

o> I(l+1) 1 )\}

— ——+—U(p)=0 (20.40)
o i

Now asp — 0 the second term dominates and is much larger
than the third and fourth terms, and the equation becomes:

0* I(1+1)
which has the solution
Up) = A’ll + B'p™! (20.42)
P

And again the requirement of finiteness®f(note: R = U/ p)
sendsA’ to zero. (Note:R = U/p has to finite ap — 0 sends
A’ to zero.)
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40. So we have two asymptotic solutions that we can use. Wé wan
the wavefunction to approach these asymptotic values,dvut f
intermediate values gf what is the value ofR(p)? To obtain
this we make the substitution:

R(p) = exp [—p/2] p'F(p) (20.43)
and let .
F(p) = _:Zocmi (20.44)

Substitute this in Eq.20.40 and we need to solve for the coeffi-
cientsc;. Multiply both sides byxp [—p/2] and then one equate
equal powers op to obtain
(t+1+1)— A
= .=l 20.45

T DG r2ar)” T T (20.45)
This is called a recursion relation. The polynomilp) are
called the Laguerre polynomials.

Now, asi — oo, C;11 ~ ¢;/i. For largei, F'(p) diverges.
(Note: for largep C; ;1 = ¢; /i which yieldsF(p) oc x,(1/4!)p' ~
exp p which diverges for large values pof This is clearly non-
physical since the wavefunction should be finiteHence, we
need to somehow truncate the series for some fipjteso as to
control F(p) from blowing up. How do we do that? We could
do that by requiring that the numerator of EQ0(49 go to zero
for¢ = i,,,:. Then

imar +1+1=A=n (20.46)

and thery; = 0 for all = > 14,,,.. Hence the series truncates and
the wavefunction remains finite.
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41. In additiony,,., IS non-negative, since it is the maximum value
that: can have, hence > (/+1). Thisis obviously an important
result that we have all seen before. (o= 3 (wheren is the
principal quantum number], (the azimuthal quantum number
can only have valuels= 0, 1, 2, that 3s, 3p and 3d orbitals. This
result directly appears from the above series truncatidmghv
in turn is a result of the boundary conditions.

42. But now\ depends upoily the energy as given in the first two
of Eqg. (20.39. Using Egs. 20.39

B /J'2Z2€4 /J'Z2€4

2=t - = 20.47

" hta? QHQEM ( )
and hence o
nzce

And now this energy is negative!! (Recall the earlier center
mass energy levels were all greater than zero and formed-a con
tinuous spectrum.) Furthermore,is an integer and hence the
energy in Eg. 20.48 is quantized Again we got quantization by
enforcing the boundary conditions. Here we used the fadt tha
the wavefunction has to be finite and that gave us a maximum
imae WHich lead to a discrete set of states.

43. We will go ahead and note here that what we have derived is
true for a one-electron one nucleus system. Hence not only is
the energy in Eq. 20.48 a valid expression for the hydrogen
atom, but it is also from for Hg Li** and so on.

44. Hence the energy levels look as follows:
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45. From Eq. 20.49 we also see that the minimum valuerofs 1.
(That isn cannot be zero.) Hence the minimum energy for the
hydrogen atom is@,{}zl = —“QZB#. (Note that the lowest value
of the potential is._y — 0 when the potential energy tends to
—o00. Hence like in the particle in a box case, the lowest energy
state does not correspond to the lowest potential energye val
Zero point energy is how we referred to this phenomenon in the
particle-in-a-box case. But now we see the same thing happen

in hydrogen atom as well.)

46. Quantum number of the hydrogen atom: We see that there
are three quantum numbers ndw andn. From Eq. 20.49
n > [. Since they are both integeis< | < (n — 1). We have
already seen the range of values thatan have. But the energy
only depends on.

47. Eigenstates of the hydrogen atomWe have seen that the wave-
function for the hydrogen atom has the form:

{Aexp [thRow] + B exp [—ikRou} exp [—p/2] p'F(p)V(0, §)

(20.49)
Some solutions are illustrated on the next page. We note that
in this expression we have associated Legendre polynoamsals
well as associated Laguerre polynomials. These are twoapec
functions that we have seen so far. There are a great number of
special functions and we will also encounter the Hermiteg/ol
nomials when we study the Harmonic oscillator.
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48. Homework: The electron mass is often used in many books
instead of the reduced mas$. Show that using the mass of
an electron instead ofy, is a good approximation. (Use the
definition of 1.) What does this physically mean regarding
the mass of the nucleus?

49. Using the mass of the electron instead of the reduced, mass
defines the Bohr radius as:

2

h .
ay = —— = 05291821 (20.50)
me

where we have useth to represent the mass of the electron
as done earlier. This is the radius of the circle inside which
the electron moved in the old Bohr theory!! (Below we will
present some expressions for the lower energy wavefursction
for the hydrogen atom and then we will be in a position to inter
pret what fraction of the electron density really staysdesi,

for the ground state of hydrogen.) The energy expressiam the
becomes:

7%e?
 2agn?
but only if we assume that the electron mass can replace the
reduced mass!! You guys will have the opportunity to work out
when this is the case (homework above).

E, = (20.51)

50. Inthe old Bohr model, the energy is actually given by 2§.%1).
Hence Bohr had it right for the hydrogen atom. But that ap-
proach failed for larger systems and was replaced by quantum
mechanics.
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51. Nodes: The radial part of the solution (the part that depends on
p) can be zero at finite values of These are points in space
where the electron density is zero. (Remember from the-parti
cle in a box that such points could exist inside the box.) €hes
special points are called “nodes” of the wavefunction. Ftben
form of the solution can we find out the nodes of the wavefunc-
tion. Or at least can we find out how many nodes each wave-
function might have? Turns out we can. Note that the wave-
function is a polynomial in. See Eqgs.40.43, (20.49, (20.45
and 0.49. From these equations we know thatp) is a finite
polynomial inp. We also know the order of this polynomial by
looking at these equations. Itis:— [ — 1. Any polynomial of
orderN, hasN roots. What does this mean? It means that if you
set a function that is a polynomial of ord&requal to zero, then
we can getV solutions. For example a quadratic equation has
2 solutions, a cubic equation has 3 solutions, a quarticteua
has 4 and so on. So awi-th order polynomial equation should
haveN solutions. So the number of nodes in the hydrogen atom
solution should bes — [ — 1.
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52. Probability current for the hydrogen atom
h
J = ;I W (@, 1) Vip(, 1)) (20.52)

ForV in spherical coordinates we can use E2.24 and defi-
nitions in that same page to obtain:

L0 ", 6 0
Ve g e T s 000

Now its only the¢ dependent part in Eq.20.69 that has an
imaginary term in it:

Unim(p,0,0:t) o< exp[—p/2] p'F(p)Pym(cosd) exp {vme}

(20.53)

exp [—1E, nt/h) (20.54)
This leads to "
- m
J=¢ — |t (20.55)
[T Sinf

proportional to then quantum number. The fact that it is di-
rected along implies it is arotating wave!
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Now interestingly, the magnetic moment inside a small vadum
element is defined as:

.
AN = 7 x eJdV (20.56)

So, now you know where an orbital magnetic moment comes
from, it comes from the fluxSeems like Faraday’s’ law applies

here too!!
Using Eq. £0.59 and the definition of flux the orbital magnetic
moment is: .
M =—o (@ [LIY) (20.57)
and the orbital magnetic moment operator is:
M= “p =9 (20.58)
244 h

wheregs = % is called theBohr magnetona unit of the mag-
netic moment. The orbital g-factegr = 1 for the hydrogen.
This also means:

M, = - ‘1, = %P, (20.59)

214 h
Does this remind you of Eq2(2), very early!!

These can get you NMR chemical shifts in a complicated sys-
tem!! Leads into Zeeman effect next.
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53. Splitting the m quantum numbers: Zeeman effect We no-
ticed that the 2p orbital is triply degenerate, each degdeer
state characterized by values in the range +1 to -1 (since for
orbital,/ = 1). The 3d orbital has a degeneracy of 5, each degen-
erate state characterized byvalues in the range +2 to -2 (since
for thed orbital [ = 2). We notice further from the solution to
the hydrogen seen previously that two wave functions witg-ma
netic quantum numbers +m and -m only differ duestp [vm )
factor. Notice from Eqs.19.87 and (L9.89 (from the Spherical
harmonics handout) th&d; ,, only depends ofin| which is the
same fortm. Itis only theexp [sm¢| factor in Eq. £0.70 that
makes these functions different. Furthermore, the enengihé
+m levels are the same as the energy in E20.48 does not
depend onn (which is why all the 2p orbitals for example have
the same energy).

Is there a way we can split this degeneracy? We recall from
the Stern-Gerlach experiment that the z-component of the sp
angular momentum interacts with an external magnetic field t
give rise to a force on the silver atoms. Why does this happen?
The angular momentum of a charged particle creates an aitern
magnetic field which interacts with the external magnetikifie
But is spin angular momentum the only kind of angular momen-
tum in a molecular system? No we know at least one more and
that is the orbital angular momentum. Hence the orbital Ergu
momentum can also interact with an external magnetic fikéd i
the spin angular momentum does.

Using Eqgs. 2.1) and @.2) and realizing that force is the Neg-
ative of the derivative of the potential energy with respiect
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distance, We see that

Ep = CBS, (20.60)

A similar energy exists due to the orbital angular momentum
and in that case the Constant is just the definition of the Bohr

magneton:
Ep = %BLZ (20.61)
whereg, is the Bohr magneton of an electron agd= .

2me "
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And so now we are in a position to write the new Hamiltonian
of the Hydrogen Atom in the presence of the magnetic field as

Hp=H+ %BLZ (20.62)

whereH is the Hydrogen atom Hamiltonian of EQ®Q.1). Since

L. commutes withH, the eigenstates of the Hamiltonian in Eq.
(20.62 will be the same as the Hydrogen atom eigenstates. But
now the eigenvalues get an additionatlependent term due the

% B L. factor since

De

HpV = |H + %BLZ} U = [En,, + E, + 3.Bm] ¥ (20.63)

whereEr ., andE, are given by Eqs.20.19 and 0.47), W is
the full hydrogen atom wavefunction discussed eatrlier.

So them quantum number states can be split in this fashion.
This effect is called the Zeeman effect.

Chemistry, Indiana University 231 (©2003, Srinivasan S. lyengar (instructor)



