Atomic and Molecular Quantum Theory Course Number: C561

54. Using the final expressions for the internal part of theefanc-
tion of the hydrogen atom (that is we are not including the-cen
ter of mass portion here) the lower energy states of the Ilggiro
atom have the following functional forms:
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The p-orbitals all have the same energy since the energy of the
Hydrogen atom does not depend ontlqeantum number. Hence
Yop, 1 Vap. _, @Nd)y, _ are degenerate states. Itys,

that is called the),, state. The)y,, andyy, states are actually
linear combinations of,, _ , andys, .. And since these are
degenerate states,, andy,,, are eigen-kets that have the same
energy as)y,,, andiyy, . But noticethat ¢, and ¢, are

not eigenstates of L, anymore.
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55.

56.

Generating functions. We went through some detail here but
did not quite derive everything. Now, if we want to write down
the solution to the hydrogen atom for any given state (fonmexa

ple 5p.1), how do we do that? Is there a way to directly write
down the solution without bothering to do the derivation as w
now have a general idea as to how things are derived? Turns out
yes. And here we introduce what are known as generating func-
tions for the various polynomials that form the solutionghe
hydrogen atom. As the name suggests generating functiens ar
simple functions that may be useddenerate these solutions.

As noted earlier, the solution to the hydrogen atom feritier-
nal degrees of freedom is given by

exp[—p/2] p'F(p)V(6, ¢) (20.69)
whereF'(p) are proportional to the Laguerre polynomials and
Y(0,¢) x Ppm(cosf)exp {imo} (20.70)

whereP, ,,,(cos #) are the associated Legendre polynomials. Hence
if we know how to write down the Legendre polynomials and the
Laguerre polynomials for arbitrany, [, m, we can write down

the solution of the hydrogen atom for any orbital!! So how do
we do this?
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(a) Turns out the following mathematical relations hold Hrebe
help us to write down the solutions for any general orbital
that we need.

20+ 1) (I — |m])!
Pim(z) = ZZZ!J > (I +|m)

(jml/2)d H—|m| (22 )
(1 a ) .z (1+Im]) (20.71)
d2l+1 dn+l pn+l exp (_p)
Ln,l(p> - dPQH_l eXp (p) ( dpn+l )( 072)

andF(p) = Lni(p)/p.
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(b) Volume Element: We discussed earlier how we can trans-
form a general Laplacian in Cartesian coordinates to any
other coordinate system (for example the spherical coordi-
nate system). In addition to the Laplacian there turns out an
other quantity that one needs when transforming coordinate
systems. This is known as the volume element. Remember
that when you perform a one-dimensional integration what
you do is multiply the integrand with a quantityy. This
guantity isdz is a one-dimensional “measure” length ele-
ment along the x direction. Similarly when you perform the
three-dimensional integration what we do is multiply by a
three-dimensionalolume element, dxdydz. But this is the
volume element in Cartesian coordinates. What does one
do if we needed this is spherical coordinates? We need to
transform the volume element to the new coordinate sys-
tem. Using the definitions for the spherical coordinates in
Eqg. (19.73 it turns out that the volume element in spherical
coordinates is given as:

r2dr sin 0dfd ¢ (20.73)

But is there a way we could do this in a general fashion us-
ing the definition of the metric tensor we introduced ea?lier
Turns out yes and the general expression is:

dv = /gdudusdus (20.74)

whereg is the determinant of the metric tensor as seen ear-
lier. We recall from Eqgs.40.29 that,/g = r?sin @, which
proves Eq. 20.73.
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(c) As a special case of the volume element in E2D.T3 we
write what is a spherical shell element. This volume element
does not depend ahand¢ can be used when the integrand
does not have angular dependence. This is for example the
case if one were to find the expectation value of position with
respect to the 1s orbital:

Z

% (a_o) ’ exp [—2r/ag| T

(15 || h1s) = /TQCZ?“ sin OdOde
- ()|
= ol |

This is how you integrate to obtain an expectation value. In
general, of course, The integrand may depend amd ¢.
But if not the problem can be Simplified as shown above.

/OOO 3 exp [—2r /ag] dr} [ /07T sin&d@} l /OQW dgb}

/OOO 3 exp [—2r /ag] dr} 47 (20.75)

(d) Homework: Calculate the expectation value of position for
the ground electronic state (1s). Compare this expectation
value to the Bohr radius. What is the probability of finding
the electron inside a sphere< ay?

(e) Homework: Derive relations forz), (z%), (p) and(p?) for
the 2p_; orbital of the hydrogen atom and use this to obtain
the uncertainty product.

(f) Homework: Using the energy expression, calculate the ground
state energy of the hydrogen atom.

Chemistry, Indiana University 236 (©2003, Srinivasan S. lyengar (instructor)



