
Atomic and Molecular Quantum Theory Course Number: C561

F Bohmian mechanics, classical mechanics as a special case
of quantum mechanics, extensions to semi-classical theories
such as the Wentzel Kramers Brillouin (WKB) theory:

This homework will help you see how the classical Newtonian equa-
tions arise as a special case of the time-dependent Schrödinger Equa-
tion. You will also see how alternate interpretations are possible for
the wavefunction. This homework will give you a fleeting overview
of what a number of mathematical physicists (and some quantum
chemists) consider “niche” in today’s research. This derivation can
be a little mathematically intricate. But I would like for you to make
a serious attempt to do it, since at the end of it there is some concep-
tual growth waiting for you.

This derivation was first performed by Madelung and de Broglie
in 1926 and later by David Bohm in 1952. In fact Bohm general-
ized this to something called the “Bohm’s interpretation ofquan-
tum mechanics” a very classical-like interpretation. In modern par-
lons, Bohm’s interpretation is also known as the “hidden-variable”
interpretation of quantum mechanics. Don’t worry, I will work you
through the homework:

1. Go ahead and substituteψ(x) = A exp (ıS/h̄) in the time-dependent
Schr̈odinger Equation.

2. Doesψ(x) = A exp (ıS/h̄) make sense? The wavefunction can
be complex. And certainly any complex number can be written
in this form. Do you see that? Provide a brief explanation as to
why anycomplex number can be written in this form. (Hint: Say
z = x+ ıy is a complex number. Can you writez = a exp {ıθ}?
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What would the values ofa andθ be if this were to hold true?)

3. Having substitutedψ(x) = A exp (ıS/h̄) into the time-dependent
Schr̈odinger Equation, go ahead and expand the terms (that is
differentiate twice with respect to space, once with respect to
time, etc...). After you are done doing the derivatives, youshould
be in a position to cancel outexp (ıS/h̄) from both sides.

4. Separate the real and imaginary parts to give two separateequa-
tions. (Do you understand this step of cancellation? Provide an
explanation for why this can be done.)

5. Now consider the real part equation, which should be an equa-
tion involvingS. Assume

1

m

∂S

∂x
= v (F.1)

wherev is the velocity ofx, and simplify the real part. Dont con-
fuse this with the potential which you also have around some-
where. (Leave the∂S

∂t
term as it is.) This substitution will make

sense later.

6. How does this equation change if you were to substituteh̄→ 0?
Do you see that the last two terms are the classical energy of the
system, that is kinetic plus potential energy?

7. The equation you have just derived after takingh̄ → 0 is called
the classical Hamilton-Jacobi equation. This is exactly identical
to the classical Newtonian equation. How do we know? Lets see
if that is true. Go ahead and substituted Eq. (F.1) in the equation
you have just obtained. Simplify. Do you get F=ma? (You will
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have to differentiate both sides again with respect tox to get to
F=ma from the Hamilton-Jacobi equation.)

8. This exercise (so far) proves that F=ma is a special case of the
time-dependent Schrödinger Equation.Consequently, the limit
h̄→ 0 is called the classical limit. Do you understand this state-
ment? Provide a brief explanation.

9. Since you have obtained the classical equations now, it istime
to interpretS. This quantity is called theclassical action. You
may (or may not) have come across this while studying classical
physics. Classical action is very fundamental in classicalNew-
tonian mechanics, which can be restated as simply “the varia-
tional minimization of classical action”. (See Goldstein,Classi-
cal mechanics.)

10. However, you have (hopefully) obtained a more general expres-
sion (the real and imaginary parts) whenh̄ is not zero. These ex-
pressions are identical to the time-dependent Schrödinger Equa-
tion. Since you did not make any approximations to get there,
just algebraic manipulations. (Clear? We just wrote the com-
plex numberψ(x) asA exp (ıS/h̄) and followed the mathemat-
ics.) However, these two expressions constitute the basicsof
an alternateinterpretationof quantum mechanics called thehid-
den variable theory, and it is very fashionable now-a-days in the
mathematical physics community to talk about this. :-)

11. Now what is the interpretation of theh̄ dependent term that went
to zero? It is called the “quantum force” or the “quantum po-
tential”. Makes sense? The Wentzel-Kramers-Brillouin (WKB)
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theory and further development on semi-classical theories(or
quasi classical as inpartly classical partly quantum) are based
on approximations to this term. The idea in this semi-classical
theory is to consider thēh dependent quantum potential as a
small perturbation term from the classical equations. A great
number of people work on this area. Very rich literature start-
ing from the time of Wigner in 1936. Sakurai gives a very nice
description of how simple one-dimensional problems (like the
ones we solved earlier) are solved using the WKB theory. Also
see section 7.4 on the eikonal approximation.

12. My aim in the homework was to make you realize two things,
(a) classical mechanics is a special case of quantum mechan-
ics, (b) there exists is a different realm of quantum mechanics
(without wavefunctions), which you see here. In fact, further
half classical, half quantum approximations (or semi-classical
approximations as they are called) start at this point.

13. The imaginary part: Make the substitution:

ρ(x) ≡ ψ(x)∗ψ(x) = A2 (F.2)

and simplify the equation forρ. You will find that you obtain the
continuity equation that we obtained earlier in the probability
current section!!Explain why you should have seen this coming
before doing the homework. Argue why what we did earlier in
the probability flux section is in fact a special case of what we
have done now here.

14. How is the probability flux related to the action?
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