Atomic and Molecular Quantum Theory Course Number: C561

23 The Born-Oppenheimer approximation, the Many Electron
Hamiltonian and the molecular Schrodinger Equation

1. Now we will write down the Hamiltonian for a molecular sys-
tem comprising N nuclei and n electrons. In general this Hami
tonian will contain the following terms (note we are using/ &
case for electrons upper case for nuclei):

(a) The nuclear kinetic energy term.
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(b) The electronic kinetic energy term.
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(c) The electron-nuclear attraction.
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(d) The nuclear-nuclear repulsion.
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The summation here is restricted so there is no double count-
ing (that is you should not have thé, J) and(J, I) terms)
and that/ # J. Finally,
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(e) The electron-electron repulsion.

n n/ 62
+2 > | (23.5)
1=17=1

j=

Ti,j
Here again the summation is restricted so there no double
counting (that is you should not have thej) and (4, 1)
terms) and that # ;. This last innocuous looking term

is actually a major challenge. All quantum chemistry meth-
ods are ways to approximate this term. The exact solution
for anything more than 1 electron is unknown!! Some ap-
proaches that effectively approximate this term for a numbe
of systems include, density functional theory (very power-
ful and applicable for large systems), coupled clusten(ver
expensive, but very accurate), configuration interactim (
orous but not used due to some major defects). There are
others which will be discussed in the next course.

2. So the total molecular Hamiltonian is just the sum of thdife

ferent terms:
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3. The time-independent S¢idinger Equation obtained from sub-
stituting the Hamiltonian in Eq.2@3.6) is actually impossible to
solve exactly and approximations are required. One powerfu
approximation is called the Born-Oppenheimer approxiomati
(It does have some limitations and we will discuss these #igwe
The Born-Oppenheimer approximation assumes that the inucle
are infinitely heavy as compared to the electrons. Hencethe n
clei can be assumed to be stationary objects while the eletr
go about doing whatever it is that they do. Mathematicallyatvh
this does for us is, it allows us to write the full wavefuncti@
function of the electronic positions andnuclear position$z;)
in separable form

U(ri, Rr) = ¢(ri, { Rr})x(Rr) (23.7)

where¢(r;, { R;}) is an electronic wavefunction that paramet-
rically depends on the nuclear positions (what is meant I3y th
we will see in a little while), ang((R;) is the nuclear wavefunc-
tion. The functionp(r;, { R;}) represents the electronic states for
fixed nuclear configurationsk; }. (That is the nuclei are frozen
and then the appropriate electronic structure(is, {Z;}). As
we stated earlier this is a result of the infinite mass of thel@iu
with respect to electrons.x(R;), the nuclear wavefunction, is
actually the solution to the ro-vibrational problem for theclear
coordinates in the presence of an electronic potentiabgreaur-
face. (We will see more on this in a little while as well!!)
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4. Caveat: Eq. 43.7) is not completely general. It fails in many
known situations. One example is when ground and excited
electronic surfaces get very close. (This happens more ofte
in molecular systems than you would imagine.) These cases
have to be treated differently and more carefully, and thake
into the domain of what is known as non-adiabatic quantum dy-
namics (as opposed to Born-Oppenheimer approximatiorgbein
considered the adiabatic approximation).

5. Having got over that caveat we will proceed further witke th
analysis of Eq. 43.7) since it is useful in many cases and in
most cases it is the only thing we can do, at the present time. S
Eqg. 23.7) is a product form, and by now we know well how to
handle such product forms in the time-independent &tinger
Equation. We perform the separation of variables, apply the
Born-Oppenheimer approximation (that is assume the nacéei
infinitely heavy as compared to the electrons) and end up with
two different Schisdinger Equations, one for the nuclei and one
for the electronsFor the electrons we have

2 n 2 2
2ﬁ Z VZ _ ]2\7: Z Ze X ]XV: Z[Zje
m = I=1i=1 T517 IJ=1 T[]
2
+ z "\ é(ri, {R1}) = Us({R))o(rs, {Ri})

(23.8)
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The nuclei are assumed to be fixed in this equation. That is the
nuclear coordinateSR; } are fixed within some conformation of
the molecule U, ({R;}) is called the electronic energy. Note it
Is a function of the nuclear coordinatég;} we chose. So this
gives us a potential energy surface that the nuclei feelk pbt
tential energy surface enters into the nuclear 8dimger Equa-
tion:
' N
—5 X MV%’ +U.({R1})| x(Rr) = Ex(R;)  (23.9)
I=1 1

As stated earlier the functioR(R;) contains all the informa-
tion you need about rotations and vibrations including diogp
between them (provided they are not decoupled when you you
solve Eq. 23.9). In fact you can also chemical reaction dy-
namics using Eq.23.9 provided you know/,,({ R;}) for every
single nuclear geometry there is to knowt!is obviously not
possible to know the value &f,({ R;}) for for every single nu-
clear geometrgince that would entail the solution to EQ.3(8
for every single geometry (which is hard for one geometry let
alone every single one). So, generally what is done is a large
number ofU,,({R;}) by solving Eqg. 23.9 for a finite number
of nuclear geometries and these energies are fitted using som
function and the resultant function is used in E2B.Q) which is
then solved for a chemical reaction or for ro-vibrationakss.
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6. This back and forth solution between Eq3.§) and 3.9
is clearly not easy and clearly not possible for every simgle
quired structure, and that is the reasdninitio molecular dy-
namics has been developed recently to simultane@adliethe
electronic and nuclear problem for both reaction dynamiak a
for ro-vibrational states.

7. Here the approach called Born-Oppenheimer dynamicsngso
thing that becomes relevant. What happens here isEg9 (for
a given nuclear geometry to obtdif({R;}). Then the deriva-
tive of this energy with respect to the nuclear degrees @&-fre
dom, 2l s calculated. (This is a very expensive calcu-
lation!!) Note now, this partial derivative is the clasdicafi-
nition of the force on the nuclei. (Force is gradient of egerg
with respect to coordinates in classical mechanics.) Then t
forcew is used to move the nuclei on @ = ma type
approach (That is the nuclei are classical in Born-Oppiemére
dynamics unlike in Eq.43.9 where these are quantum-mechanical.)

8. Alittle bit explanation on Born-Oppenheimer dynamicd ann-
adiabatic dynamics.
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9.

10.

11.

12.

We have discussed how the full time-independent &tihger
Equation for electrons and nuclei can be reduced so as te solv
the nuclear and electronic problems independently. This wa
done based on the large separation between the nuclearesnd el
tronic masses and hence the inferred large separation in the
momenta and was known as the Born-Oppenheimer approxima-
tion.

This approximation lead us to the Eq23@ and 3.9, the
solutions to which would provide us with the independentele
tronic states and the nuclear states. (Note these are hlbth st
eigenvalue problems.)

We also noted that in some cases the Born-Oppenheimer ap-
proximation breaks down. And in such cases a separable form
for the full wavefunction as in Eq.23.7) cannot be enforced.
These happen for example when ground and excited electronic
surfaces get very close. Such cases fall under the regimanef n
adiabatic quantum dynamics. We talked about how a simple
product like Eg. 23.7) is no longer valid in such cases and in
fact a sum of such products is necessary. This leads to abuple
equations involving both the electrons and the nuclei. Some
the terms that you get out of such a treatment are called tie no
adiabatic coupling elements.

The Born-Oppenheimer approximation Eq23.8 and 3.9
are of course much simpler (they certainly look simplerailigh
even Egs. Z3.8 and 3.9 are not really simple for most cases
in chemistry).
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13. We also briefly hinted on time-dependent methodologi#se
of which is rather interesting and essentially leads tositad,
F = ma, type equations for the nuclei and EQR3(8 for the
electrons. This set of equations together characterize isha
known asBorn-Oppenheimer dynamics(Note this is differ-
ent from Born-Oppenheimer separation above whickinee-
independen)

14. So we have actually very briefly discussed a whole myriad o
approaches to treat the electron-nuclear problem. Thesallar
actually hot topics of research today. We will now move on to
look at Eq. £3.8 more carefully.
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