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18.2 Coupling of angular momentum operators: The Clebsch Galon
coefficients and the Wigner 3j symbols

In the previous section we have talked about the theabrnit-
gular momentum and the spin angular momentum and how these
commute with the total Hamiltonian.

There is a special case where this is not tdue: S coupling.
What happens in this case is that the Hamiltonian operatar-“c
ples” the orbital angular momentum with the spin angular mo-
mentum and then it turns out to that these individual angular
momentum operators do not commute with the total Hamilto-
nian.

In such case is there an angular momentum operator teat do
commute with the total Hamiltonian?

Turns out yes and this will the subject of the currentieact

Turns out the total angular momentum (which is sum of the
the orbital angular momentum and the spin angular momentum)
does commute with the total Hamiltonian in such cases.

We will study the general problem here by constructinga n
angular momentum operator in the following fashion:

J =3 J(3) (18.62)
Another important problem where this is applicable is RIM

In NMR the nuclear spin interacts with the external magnetic
field (you see it is similar to Stern-Gerlach, the only diffiece
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being that it is the electronic spin that interacts with thxe e
ternl magnetic field) and when there are many nuclei, the “to-
tal” anuglar momentum is reponsible for the chemical shifts
addtion, some neighbouring orbital angular momenta alse co
tribute, thus theenvironmental dependence in NMR.

38. Lets consider two angular momentum operatpis; J,}. These
may correspond to the two spin angular momentum of two sep-
arate electrons. Or it may correspond to orbital angular srom
tum of two separate electrons. Or one orbital angular momen-
tum and one spin angular momentum (for L-S coupling). Here
we want to see how (if they couple) they add up.

39. We have seen that the %dtﬂ, le} is a commuting set of op-

erators. Similarly, the setl,* J. | is also a commuting set of
operators. Furthermore, sinde andJ, act on different parti-
cles then all the operators in the $8t* J ., J,°, J,.} commute
with each other.

40. However, the operatotd,*, J;.,J,*, J,.} do not all commute
with the total Hamiltonian, since the total Hamiltonian ntayn-
tain terms that coupl&, andJ, (such asl; - J, in L-S coupling).

41. Now lets consider the total angular momentum operator:
J=J1+J (18.63)
and the z-component of the total angular momentim:

42. The operators{:P, J., J2 J22} form a commuting set of oper-
ators as well.
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43. Why?J? andJ . certainly commute with each other as we have
seen earlier for general angular momentum operators. WEsng
(18.63, sinceJ, andJ, act on different particles they commute.
HenceJ?, J,* andJ,? commute. Sincd. = J,. + J,., this
operator commutes with?, J,* andJ,* as well.

44. Homework: Show that [J2,J.] = 0. Note thatJ? = J;*+J,*+
2J,-Jy from Eq. (18.63 (sincedJ; and J, commute since they
act on different particles). Note further that J, - J, above is
a dot product of two vectors (sinceJ; and J, are vectors!!).
UsedJ; - J, = Jligx + leng + JlZJQZ.

45. Homework: As a special case of your derivation above you
will see that[J* J,.] # 0 and [J?, J,.] # 0. Show this.
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Since{J2, J.. J2% J22} form a commuting set of operators, we
can quantify the system using quantum numbetdet, J., J,% J. |,
i.e., |1, my,, j2, my,), Or quantum numbers 42, J., J,*, J,*},

l.e, |J, M, j1, jo). Both representations are equally godthey

are both a complete set of ket-vectors.

However, for the problem at hand, only the total angular m
mentum commutes with the Hamiltonian and not the individ-
ual angular momental; andJ,. Remember, we are talking
about cases like L-S coupling!. Hence it the k&t ji, j2)

that is interesting to us. Is there a way we can convert the ket

1, My, 52, m,) to the ket J, M, 71, 52)?

If they are both complete we must be able to switch fromtone
the other (through a simple rotation!!)

Because
‘J7M7j17j2> - ‘J7M7j17j2>
— Z . Ulamj17j27mj2> <j17mj17j27mj2‘ ‘]7 M7j17j2>
My My,
(18.64)

But note now, the sum is only over; andm,,. Becausg; and
j2 are fixed on the left hand side.

50. The termgj,, m;,, jo, m;,| J, M, j1, jo) @are known as the Clebsch-

Gordon coefficients. These are unitary transformationmfco
plex rotation operations) that take you from thig m;,, jo, m;,)
basis to theJ, M, j,, j») basis.
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51. There are various conventions to represent the CleBsction
coefficients. One other notation is to use the Wigner-3j yis1b
Gy o] MG gy o | 1 207 (18.68)
9 719 9 12 9 9 9 mj1 mjz M

52. The Clebsch-Gordon coefficients are very useful in dagitterm
symbols” of molecular systems.
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53. But first we will try to understand how the valdeand M are
related toj;, j», m;, andmj,. That is for a givenjy, j», m;, and
m;, What are the value$ andM can have?

54. We make two important observations:

(a) Since the operatods andJ, are vectors and add up to give
J, it must be true that the total angular momentum quantum
number obeysj; + jo > J > [j1 — Jol.

(b) J can only change by integer values inside this range (for
reasons unknown to us at this point). That/isan only
have valuesj; + jo, j1 +j2 — 1, -+, 1+ [j1 — Jja|, [J1 — Jal.
(The reason forJ being allowed only these specific values
that differ by integer amounts comes from the solution of an-
gular momentum differential equation which will be treated
during the next week.)

(c) For each value of in this range M being the corresponding
total magnetic quantum number takes on valdgs< M <
J. Again M changes only by integer amounts inside this
range as is required by the ladder operaflors

55. An extremely good treatment of angular momentum cantoedo
in Chapter 3 of Sakurai. | recommend that you go through it.
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. Now an example of how all this can be used to derive “term
symbols”. (You may also look at Section 11.5 of Levine.)

. Consider the carbon atom in the following excited etmutr
configuration: 1§ 2<’, 2p!, 3d'.

The s-orbital has= 0, p- hasl = 1 and d- has = 2.

Hence the two orbitals that have non-zero orbital angula-
mentum havé values of 1 and 2.

The total angular momentum for Carbon commutes with the
Hamiltonian for Carbon, but the individual angular momenta

of the s, p and d orbitals do not necessarily commute with the
full Hamiltonian of Carbon. Hence there is a need to construct
kets, that are eigenstates of the total angular momentunckiwh
commutes with the Hamiltonian).

The total orbital angular momentum can have val2es], - - -,
2—1.(Thatis 1, 2, 3.)

There are two unpaired electrons and four paired elestibhe
four pair electrons have zero spin angular momentum.

. The two unpaired electrons have spin angular momentuneof
Hence the “total” spin angular momentum j®+1/2, - - -, 1/2—
1/2. (ThatisOand 1.)

. Hence the total orbital angular momentum can have val2e3.
The total spin angular momentum can have values 0 and 1.

. This gives the terms symbols of the states accessibieteyis-
temas2°*t'L:3P,'P,3D,'D,3F,F.
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66. Note: In cases where L-S coupling is involved the “teryrhs
bols include the total angular momentum value as wéftiL;
(where J is the “total” angular momentum=orbital+spitk: +
S > J > |L—S|). So, this case theP state would be written
as:*P, 3P, and®P,.

Chemistry, Indiana University 188 (©2003, Srinivasan S. lyengar (instructor)



Atomic and Molecular Quantum Theory Course Number: C561

67. Degeneracies

(a) There are degeneracies associated with these term B/mbo
as well.

(b) We already know that for a total angular momentyp-L <
m; < L. That is the magnetic quantum number takes on
values in this range.

(c) Hence a state with total angular momentins (2L.+1) fold
degenerate. (Because, can have (2+1) values in—L <
mr, S L.)

(d) So lets consider the degeneracy of thestate that we con-
sidered aboveP implies at total orbital angular momentum
guantum number of 1, which has degenerady{(2)=2x 1+1=3.
(Note these degeneracies are labeled using the total angula
momentum(=orbital+spin) quantum number as seen in the
last slide.)

(e) The total spin angular momentum quantum number in the
3P state is 1 which has degeneracy of 3.

(f) Therefore the total degeneracy of the state is 3« 3=9.

68. The Clebsch-Gordon coefficients provide us with all thier-
mation !!
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69. Lets revisit the carbon atom term symbols we did last.tiBw
now lets look at the s 2, 2p', 4f' configuration just to get
some practice and perhaps add a couple of new things.

70. The two unpaired electrons are in thand f levels that have
orbital angular momentum quantum numbers 1 and 3.

71. Thus the total orbital angular momentum can have vahjgsi.

72. the total spin angular momentum can have valués (Two
electrons.)

73. Our term symbols have the foAt 'L, whereJ = L + S.
74. Lets forget abouf for now (we will use it later).

75. The available states for the system have term symhbl$i. =
2,S=0),°D(L=2S=1,'"F(L=385=0),F (L =3,
S=1),'G(L=4,5=0),3G (L =4,8=1).

76. Hund'srule: So what else do we gain from these term symbols?
Hund’s rule states that the lowest energy state is the orte tha
has the maximund' value. And if two states have the sarfie
value then the one that has the higlheralue has lower energy.
Based on this we can state that the energy of the above states a
arranged in the following sequenc& <* I <* D <! G <!

F <! D.
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77. What are the degeneracies of each of these states? Rememb
the degeneracy of a state™' L is (2L+1)x (25+1).

78. Hence the degeneracies at®. (5), °D (15),'F (7), 3F (21),
G (9), 3G (27).

79. How do we differentiate between the degenerate states?GT
has 27 degenerate states how do these differ from each other?
This is where we need the totalguantum number.

80. For the’G state, the total guantum number s, - - -, 3. (L=4,
S=1.) TheJ = 5 state is 11-fold degeneratef21) with J,
values -5,-4,-3,-2,-1,0,1,2,3,4,5. Thie= 4 state is 9-fold de-
generate and th¢ = 3 state is 7-fold degenerate. This explains
the total degeneracy of 27.

81. Note that each of the 27 states is labeled using the.taad./.
guantum numbers.

82. The staté( itself is labeled using thé and S quantum num-
bers.

83. This each state described above is essentiallya, L, S) state.

84. Homework: Write down the term symbols for all the states
accessible to the carbon atom with configuration: 1% 2<,
2p', 3p'. What are the degeneracies for each state? Distin-
guish the degeneracies by using total values.
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18.3 More on Clebsch Gordon coefficients

We spoke about how Clebsch Gordon coefficients take us fro
J1, My, Jo, myy) — |J, M, g1, jo). Herej, andy, are the angular
momentum quantum numbers of two different angular momenta
(for example, two different orbital angular momenta or one o
bital angular momentum and one spin angular momentum or two
different spin angular momenta).

Thus the Clebsch-Gordon coefficients allow us to go from o
framework where things are defined in terms of the individual
parts of a system to a framework of the full system.

Let us take an example to see how this is done.

Consider two electrons: there are four possible stdti®®ys-
tem which we will represent ds-, +), |+, =), |—, +), |—, —)-
Here the first sign indicates the direction of spin on the &lst-
tron while the second sign represents the spin on the setend e
tron.

(This problem has many applications: for example, Sipin-
coupling in ferro-magnets, NMR, etc.)

Note that each of these states is an eigenstate of théegato
ators{812, Si., 822, SQZ}.

But now, if these spins (or angular momenta) are couptetdo
Hamiltonian...
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92. How do we get the states that are eigenstat{a‘s?osz, S,2, SQQ},
that is the total spin operatér= S, + S,, and the z-component
of the total spin operatd. along withS;* andS,>.

93. We recall that the total spin angular momentum can haenei
values ranging fromsS; + Ss) to |S7 — Ss|. SinceS; = Sy =
1/2 (electrons), the total spin angular momentum quantum num-
ber can be either 1 or O.

94. For each value of the total spin angular momentum gquantum
number, its z-component can go fromS to +S5. Hence the
four eigenstates dfS?, S., S,°, S,*} are

S=1,5.=1) = |+,+)
1

S=1,5. = —1

> — _7_>
S=0.5.=0) = (=)~ |-+) (18.:66)

95. This completes a simple illustration of how we can go from
1J1, My, Jo, my,) — |J, M, j1,752). The Clebsch-Gordon coef-
ficients are the coefficients of this transformation.
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96. The term symbols are the symbols used to denote the gtates
obtained.

97. These new states are interesting to us since they turto de
eigenstates of total Hamiltonian for a molecular systermdee
there is a need to denote them in some convenient fashiore¢Th
dimensional functions, do not provide as much informatioan
easy to understand manner.) For example by looking at the ter
symbols we know the total spin, the total orbital angular rmam
tum and even the total angular momentum (orbital+spin)s Thi
is a lot of information for a very short hand notation.
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