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1 Intro duction

Thesenotesare an enriched versionof the lecture notes| distributed for the
participants of the Clay Mathmatical SummerSdool at MSRI, Berkeley, in
the summer2001.

The purpose of the v e lectures covered by these notes was to introduce
beginning graduate studerts to minimal surfacesso that they would under-
stand the closeinteraction betweenthe surfacegeometryand their complex
analytic description.

To achieve this in a fully satisfactory way, | would have neededmany pre-
requisitesfrom di®erertial geometry partial di®erertial equations,complex
variables, Riemann surfacesand topology.

As | was not allowed to assumeall this, | have chosenan informal and
concreteway to presen the subject. Instead of proving theorems,| construct
examples,and the more complicated onesonly numerically.

The workshopwasaccompaniedoy computer sessionsvherel usedmy Math-
ematica notebooks and Jim Ho®man's MESH program to illustrate the ex-
amples. The Mathematica notebooks are available on the web.

Howewer, they make useof an add-onto Mathematica, which is not available
anymore, the OpenGL explorer. | have been promised that Mathematica
5 will supply the same functionality, and then an updated version of the
notebooks will be made available aswell.

Thge following sourcesof further reading (([DHKW92, HK97, Kar89, Oss86)
alsoindicate wherel have borrowed from. | hope that thesenotes make the
articles from the above list more accessible.

Bloomington, Septenber 2001

Matthias Weber



2 Basic Di®erential Geometry Of Surfaces

We review basic facts about surfacesin euclideanspace. Any textb ook on
elemenary di®eretial geometrywill do asa reference.

2.1 Local Surface Parameterizations

Denote the standard scalar product of the euclideanspacer® by h¢d. A
surfacein euclideanspaces givenby a smooth map from a parameterdomain
A-1 R
We require the map to be non-singular. This meansthat the di®erertial dA
hasmaximal rank 2. Asscciated to sud a surfaceparameterizationare vari-
ousdata which are intendedto descrilke geometricquartities on the surface.
Of course,the most interesting data (lik e curvatures) will be independent of
the parameterization. In sud a case,it is bestto imaginethesedata asbeing
attachedto the surfacein R® but to computewith thesedata by represeting

them in the domain - of the surface.

De nition 2.1 The rst fundamentalform or Riemannian metric is de ned

by
g(V; W) = hdA¢V; dACWi

It canbe usedto measureanglesand length of tangert vectors. For instance,
we can de ne the length of a curve on a surfaceby

De nition 2.2 Letc: [a;bh ! - be a smmth curve. Then the length of

= ,+ i
e= Azxcis 7

length(9) = g(cXt); cYt)) bet

Usingthe length of curveson the surface,onecande ne anintrinsic metric (in
the usual sense)y declaringthe distancebetweentwo points asthe in"mum
of the lengths of curveson the surfaceconnectingthesetwo points. There is
a useful criteria when a surface,equipped with this metric, is complete. We
usethis criteria asa de nition:

De nition 2.3 A parameterizel surface A: - | R® is completeif and only
if everysmath curvec:[0;1)! ! withc(t)! @ fort! 1 hasin nite
lengthon §.



We will mainly be concernedwith completesurfaces.

Of particular importanceto usis the following special kind of parameteriza-
tion:

De nition 2.4 A parameterizationis conformal or isothermalif it preserves
the anglesbetwesn tangent vectors:

hdA ¢V ; dACWi = | 2hV; Wi

We call the factor , the stretch factor of A,

In other words, the Riemannian metric is pointwise proportional to the eu-
clidean scalarproduct of the domain - .

If onedraws a surfaceby mapping a squaregrid to spaceusing an isothermal
parameterization, the image quadrilaterals will be closeto squares. This
makes conformal parameterizationsattractiv e for visualizing surfaces.

2.2 The Stereographic Pro jection

An important exampleof a conformal parameterizationis the inverseof the
stereographicprojection. Recallthat the stereographicprojection mapsthe
unit sphereto the (extended) complex plane. It can be de ned as follows:
Take a sphereand a planein R3. Choosea point P on the spherebut not on
the plane. Now, for any point Q 6 P on the spherethere is a straight line
| through P and Q, This line intersectsthe plane in somepoint Q°| if the
line happensto be parallel to the plane, we call the image point the in nite

point 1 . The map Q 7! QCis the stereographicprojection. It is one-to-one,
as for every point QCin the plane, the line through P and Q° will intersect
the spherein a secondpoint Q.

There aredi®erem formulasfor this map, dependingon the variouschoiceswe

made. We will usethe following formula for the inverseof the stereographic

projection. It mapsthe z = x + iy-plane onto the unit spherein R3. In

complex coordinates,

A !
2Re(z)_2|m(z)_1_ 2

% l(z) = ; ;
@ et

(1)

This choice of a stereographicprojection mapsthe north pole (resp. south
pole)to 1 (resp. 0) and the equatorto the unit circle.
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Figure 1: Imageof a squaregrid in the plane under the inversestereographic
projection

Mathematica Noteb ook 2.1 There is a notebook Stereographic.nbwhich
teadhesyou to use Mathematica to compute the di®erertial of a parameter-
ization and ched whether it is conformal. In particular, we prove that the
stereographicprojection is conformal.

2.3 The Normal Vector or Gau¥% Map

Considera surfaceparameterizationA: - ! R®. For ead point p2 - and
two coordinate vectorsU = 2;V = £, the vectorsdA(p) ¢U; dA(p) ¢V span
a linear subspaceof R?, the tangert spaceof § at A(p).

Orthogonalto this tangert spaceis a unit vectorin R® which is usedto de ne
an important map from - into the unit sphere:

De nition 2.5 The normal vector to the tangentspace is called the Gauzmap:

N:- | &2 -
NG dACU £ dAGV —
P jdA¢U;] 6dAev]

Remark 2.2 There is an ambiguity here asthere are two di®erem normal
vectorswhich point in opposite directions. This canbe helped by xing once
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and for all orientations of the domain - % R? and R®. Then the normal
vector is chosenso that for an oriented basisU;V of the tangert spaceto
somepoint p of - at somepoint, the vectors dAU; dAV; n form an oriented
basisof the tangert R® at A(p).

Sofar we have only considered rst order derivativesof the surfaceparame-
terization (to write down tangert vectors). The secondorder derivativeslead
to important geometricdata, called curvatures Hereis what we need:

De nition 2.6 The Weingarten map or shae operator S is dened as

dA¢S ¢V = dN ¢V

In this de nition, we have identi ed the tangert spaceof the surfaceat A(p)
with the tangert spaceof the unit sphereat n(p) by a parallel translation.

Prop osition 2.1 The Weingartenmapis a symmetric endomorphismof the
tangentspacesof - with respect to the Riemannian metric g.

De nition 2.7 The eigenvaluef the Weingarten map are called principle
curvatures The eigendirctions indicate wheee the surfae bends most and
least. The principle curvatures are combineal into mean curvature

H = traceS

and GauVicurvature
K = detS

10



3 The Weierstrass Representation

Our goalwill be to understandthe following interaction:

Riemann Surface

Meromorphic Function G ()

Holomorphic Di®ererial dh

3.1 The Gau¥ map

A minimal surfacein R® is a surfacewhich locally minimizes area. In this
senseit is a two-dimensionalgeneralizationof a straight line, a path which
locally minimizes arc length. To make this precise and adiieve minimal
completenesof exposition, we give the de nition of area even though we
won't needit later on:

De nition 3.1 The area of a surfae §, parametrized by A: - | R3, is
de ned as 7

areg8) = dA
Here dA is the area form (or density) of the surface. Using coordinates
(X1, X2) of - and coordinate tangentvectors X; = @—@;

dA = (detg(dAX;dAX|))? dx,dx,

Equivalently, for minimal surfaces,the Gaussmap is anticonformal. This
means: It presenesanglesand changesthe orientation.

Proof: The meancurvature being zeroimplies that S haseigervalues, , 0
and j .. Thusthe squareof S is equalto _ %id. Hence

hdnU;dnUi = hdASU; dASUi
= 9g(SU;SU)
= g(s’u;V)
= . %Y V)
This impliesthat the Gau¥anmap presenesangles.It reverseshe oriertation,
becausefor a positively oriented basisof curvature directions,

det(dnU;dnV;n) = det(dASU; dASV;n)

11



det(, dAU; i , dAV;n)
i . 2det(dAU; dAV;n)
0

becausepy denition, dAU; dAV;n are positively orierted in R®. 2

Precomposingthe Gaussmap with a conformal parameterization of the sur-
face and postcompsing it with an anticonformal stereographicprojection,
yields a conformal map from the domain of de nition of the surfaceto the
Riemann sphere. This meromorphicfunction is denotedby G and called the
Gaussmap aswell.

Figure 2: The Gaussmap

3.2 Harmonic coordinate functions

Considera conformally parametrized surface

A:u ! R
Zz=u+iv 7! (X1;X2;X3)

This surfaceis minimal if and only if the coordinate functions are harmonic,
that is if they satisfy

A !
¢ X = %4‘% Xi=0

In the domain U of de nition, the harmonic coordinate di®erertials dx; pos-
sessholomorphic extensions. It is customary to denote the holomorphic

12



extension of the third coordinate di®erertial dxs by dh and to call it the
height di®erertial. We have

dX3 = Redh

3.3 Weierstrass data

Now supposethat we are givena conformalminimal surfaceparameterization
A= (A;; Ay; As), dened in adomain- . Asthe A are harmonic functions in
- , we can write them locally asthe real parts of holomorphic functions. Or,
globally, as

. Zp
A= Re (' 1,'2,'3)

with holomorphic 1-forms!; dened in all of - . Suppose,on the other
hand, we are given such a parameterization. This is conformal (and hence
parameterizesa minimal surface)if and only if

124124127 0
in - . The conformal factor | 2 is given by
V2 P g+l gt (2)

Togetherwe have

Theorem 3.1 Given holomorphicforms! 1;!,;! 3 in - suchthat
1241241270

and
jLaj?+ 1 2%+ j1 5j° 6 0
Then Z,
Alp)=Re (11;!1213)

de nes a conformally parametrized minimal surface in R®, and every confor-
mal minimal surface parameterization arises this way.

R . : : :
We call the !; the holomorphic extensionsof the coordinate functions.
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We have assaiated two piecesof holomorphic data to a conformally
parametrized minimal surface so far, namely its Gau¥iamap and the holo-
morphic extensionsof the coordinate functions. Becausethe Gau¥imap can
be expressedin terms of the tangernt vectors, it is natural to expect that
the meromorphic function G can be written in terms of the holomorphic
coordinate di®erertials.

In fact, using the formula for the stereographicprojection (1), oneob-
tains

This allows us to use meromorphic data G and dh = ! 3 de ned in
a domain - to write down the surface parameterization in the so-called
Weierstrarepresemation

+G ;1 dh 3)

Obserne that this integral might (and frequertly will) depend on the
path of integration if the domain - is not simply connected.

As explained, G dependson the choice of the stereographicprojection,
and dh depends how we rotate the surfacein space. Howewer, a di®eren
choicechangesG and dh only by a fractional linear transformation.

We will treat G and dh asthe two basicholomorphicobjects assaiated
to a minimal surface. One of our main goalswill be to understand how the
geometryof a minimal surfaceis related to complex-analytic properties of G
and dh.

14



3.4 The rst examples

Figure 3: The Catenoid
Example 3.1 (The Catenoid and Helicoid) The catenoidisthe only min-

imal surfaceof revolution:

G(2) (4)
dh = “dz (5)

1
= N

Integrating thesedata givesthe parameterization

, Mg 1 i 1 L

Az) = Re j é(a + G); é(G [ 6).|092
in - = C". Obsene that while logz is not well-dened in - , its real part is.

and the Helicoid is the only ruled minimal surface:
G(z) = z (6)
[

dh = -d 7
_dz ()
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Figure 4: The Helicoid

Integrating thesedata accordingto (3) givesthe parameterization
(VI 1
o i1 1 1 .
- et ey Yie Ty
Az) = Re j 2(G G);i 2(G i G)'I logz
Here we facefor the rst time a problem which will becomemore and more
prominert: I;\/Vhile the data G and dh are well-dened in all of - = C®, the
integral Re *! 3 dependson the homotopy classof the path of integration.
The e®ectis visible in the gure: The imagesof the samepoint in - readed
by di®erem paths di®erby a vertical translation which is a multiple of 2%

Tednically, there are three ways out of this problem: We can restrict
the domain - to a simply connectedsubsetof - , we can usethe universal
cover of - , or we can considersurfacesinto spaceforms R3=j .

Example 3.2 (The Ennep er surface) Taking
G(z) = z;dh = zdz (8)

in the euclideanplane de nes the Enneper surface. Integrating the formula
(3) givesthe surfaceparameterization

A A LA ! !
A(z) = Re 1 Zij zZ z+Z—3 .z
- 2 13 "2 3 2
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The surface has two horizontal straight lines on which are the horizorntal
diagonalsy = 8x;z = 0. You can rotate the surfaceabout them into it-
self. There are alsore® ectional symmetriesabout the two vertical coordinate
planes.

Below aretwo pictures. The rst showsa portion nearthe origin which
is still without self-inersections,the secondfeaturesthe end. One can see
clearly that the Gau¥amap hasdegree3 at in nit y.

Figure 5: Di®eren portions of the Enneper surface

Mathematica Noteb ook 3.3 The Mathematica notebook Weierstrass.nb
shaws how to integrate simple Weierstra¥data and to plot the minimal sur-
faces.

3.5 Local analysis at regular points

We begin our discussionof the relationship betweenholomorphic properties
of the Weierstra/data and geometric properties of the minimal surfaceat
regular points of the surface.

Supposethat a minimal surfaceis given by a conformal parameteri-
zation A in a domain - . We have seenthat this parameterization A can
be written in terms of data G and dh wherethe height di®erertial dh is a
holomorphic 1-form in - , and the Gau%a map is a meromorphicfunction.

The Riemanninanmetric of a minimal surfacecanbe computedin terms
of the Weierstra¥Zdata by (2) and (3)

17



1. 01
ds—é jGj+ﬁ jdhj 9

This is preciselythe conformal stretch factor of the isothermal surface pa-
rameterization. For a point p 2 - to parameterizea regular surfacepoint,
this factor must be nite and non-zero. Hencethere is a balancing condition
for the ordersof G and dg at regular points, namely

Prop osition 3.1 At a regular point, G hasa zero or pole of order n at p if
and only if dh hasa zerm of order n.

Otherwise, the metric would either becomesingular (zero or in nite)
at p.

Exercise 3.2 Devise simple examplesof this situation and plot the corre-
sponding surfae. You can usehe notelmok weierstrass.nbas a starting point.

Example 3.4 (Surfaces de ned on the entire complex plane) LetP(z)
and Q(z) be two ertire functions. Then

_ P®
@ =
dh = P(2)¢Q(2)

provides Weierstra¥data of a minimal surfaceso that all complex numbers
are regular points. A very special caseis given by P(z) = zX and Q(z) = 1.
These surfacesare Enneper surfacesof higher dihedral symmetry. (Recall
that the dihedral symmetry group is the symmetry group of a regular n-gon.
Many minimal surfacescortain sud a symmetry group).

18



Figure 6: Enneper surfaceof order 12

Exercise 3.3 Representthe catenoid and the heliooid in this way. Hint: Use
G(z) = €. Why is this possible,eventhoughthe catenoid appears to have
two ends?

Mathematica Noteb ook 3.5 The Notebook OneEnd.nbdiscussedurther
examplesof this type.

3.6 The associate family

For any minimal surface8 givenby G and dh, there is a natural 1-parameter
deformation §' of minimal surfacesassiated to it, given by G and €'dh.
The parameterization is given locally by
z,
A:z7lRe €'l 115:15)

This family 8! of minimal surfacesis called the assiate family of §.

All surfaces§! are isometric minimal surfaces,as the square of the
conformal factor of the Riemannianmetric is given by

ds® = jl 4j%+ jl 5% + 1 5j?

and thus independent of t. This hasthe consequencehat the deformation
can be carried out physically without tearing or stretching.

Also, the 8! have the sameGau¥anap by de nition.

19



3.7 The conjugate surface and symmetries

Of particular importanceis the conjugate surface
§ o _ §1/4:2.

The simplest example of sud a conjugate pair is the catenoid and the he-
licoid. The secondsimplest pair is the singly and doubly periodic Scherk
surface.

Many important examplesof minimal surfaceshave extrinsic symme-
tries, that is, they are invariant under rotations about straight lines and
re° ectionsat planes. The curveswhich are xed under thesesymmetriesare
landmarks of a minimal surface.

Exercise 3.4 The assaiate family of the Enneper surface is a 1-parameter
family of isometric surfaceesin space. Showthat the Enneper surfae and its
conjugate are isometric througha euclidean motion. This is not the casefor
two genenl memiers of the asseiate family. RS.

De nition 3.2 Let § be a surfaee. A planar symmetry line is curve on 8
which lies in a plane orthogonal to the surface everywhee along the curve.
A straight symmetryline is a straight line lying entirely on §.

Exercise 3.5 Discussthe symmetrylines of the catenoid and the helicoid.

Using the Scwarz re® ection principle for harmonic functions, a min-
imal surfacewhich is bounded by a symmetry line of either kind can be
continued by re® ecting or rotating it about this line. The resulting surface
will automatically be a smooth minimal surface.

This is very important, becausemany minimal surfacescan be decom-
posedby their symmetriesinto simply connectedpieceswhich are simpler to
deal with. Moreover, for drawing minimal surfaces,it requireslesswork to
compute only the image of suc a a fundamenal piece.

Furthermore, there is an intimate relationship betweenthe two types
of symmetry lines on a minimal surfaceand on its conjugate:

Prop osition 3.6 A planar symmetryline for § becomesa straight symmetry
line for 8 and vice versa. Under this correspndene, the normal vector of
the symmetry plane becomesthe direction vector of the straight line.

20



The conjugateminimal surfaceplays alsoan important role in the con-
struction of minimal surfacesor in proving their embeddednes. For more
details, see[Kar89].

21



4 Minimal surfaces on Punctured Spheres

We will discusselemernary properties of minimal surfacesand discussa
few examplesde ned on punctured spheres. It is a consequenceof the
LBHpez-Rostheorem (see[LR9I1]) that there are no completeenmbeddedmin-
imal surfaceparameterizedby punctured spheresbesidesthe plane and the
catenoid. Newertheless,these surfacescan teach us a great deal about the
construction of minimal surfacesbecauseoneof the principle di+ culties, the
closing of the periods, is relevant but easyto overcome.

4.1 Period conditions

For a minimal surfacegiven by holomorphicWeierstrassdata! = (! 1;!5;!3)
on a domain X, the actual parameterizationis obtained by the map
Z z
z7'Re !

For this to be a singlevalued map on the domain, we needthat closedcurve
in the domain are being mapped to closedcurve on the surface. This is
automatically true only for curveswhich are homologouso 0. In general,we
warnt the following period condition to hold:
z
Re ! =0 8°2HyX;2)

In many important caseshe geometry of the minimal surfacehas preferred
directions in euclideanspace. For instance, if there are parallel ends, their
common normal vector is sudh a preferred direction. Or, if there is trans-
lational period, this is also a preferreddirection. The Weierstrassrepresen
tation often becomessimpler when suc preferreddirections are usedasthe
coordinate vectors.

It is frequently helpful to look at the Weierstrassrepresemation forms
Gdh and édh instead of at the forms! ; and ! ,. The period conditions can
then be stated as

z T
Gdh g (10)

Re odh

I
o

(11)
for all cycles® on X.
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We will call the rst condition the horizortal period condition and the
secondthe vertical period condition.

4.2 A surface with a planar end and an Ennep er end

We beginour list of exampleswith a minimal surfaceswhich i sparameterized
by a punctured plane, with one puncture at 0 correspnding to a planar end

and the puncture at 1 correspnding to an Enneper end. This surfacehas
no further ends. To adieve this, we make sure that the conformal stretch

factors at the endshave the correct asymptottic behavior. For the Enneper

end, recall the Weierstra¥represemation of the Enneper surfacewith an end

of order k was givenin example(3.4)

G(z) = z%;dh = z*dz
sothat the conformal stretch factor nearin nit y becomes
ds» jz%j ¢jdz
Henceif we choose

3

G(z2) z
dh = zdz

this surfacewill have an Enneper end of order 2 at in nit y, and the puncture
at O represems a planar end. To seethis, we write z = 1=w and obtain
G(w) = w3;dh = | wi 3dw sothat nearw = 1 we getds » jdwj so that
the metric becomeseuclidean. Note that a planar end is distinguished from
a catenoidal end (which has also euclideangrowth) by the vanishing of the
logarithmic growth rate, which is the residueof dh.

Figure 7: A spherewith two ends
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4.3 A sphere with one planar and two catenoid ends

This example shovs how the attempt to nd a minimal spherewith three
parallel embeddedendsfails.

Figure 8. A spherewith three ends

We are looking for a spherewith three ends, one of them planar, the
other two catenoidal. Let's arrangethe surfacesothat the Gau¥anmap at the
two catenoid endsis vertical and hastwo simple poles. The samewill then
hold for the height di®eretial, with the residuesbeing real.

We won't assumeanything about the Gau¥amap at the planar end, so
that we can nd out whetherit might be vertical.

Next let's normalize the parameter sphereso that the planar end is
represeted by in nit y and the two catenoid endshby § 1.

As we want a straight line on the surface,this line correspndsto the
imaginary axes,and the Gau¥iamap must be real on it.

Sofar we have shown that the Weierstra¥sepresetation is of the form

1a22+ bz+ ¢

C@ = Y
az’+ bz+ ¢
dh = —p &

24



The condition that the Gau¥amap is real on the imaginary axesforcesb= 0.

The vertical period condition at 1 becomes
resdh=j b=0
z=1

sothat we have b= 0. As the form édh = %/Zdz is exact, the vertical and
horizontal period conditions for cyclesaround 8 1 become

1
Z£e§slGdh = 8 Z(Sai c(a+ )%= 0
1
ZLegsldh = 8 é(a+ =0

Hencec = 3a. Furthermore, a can't vanish, becausethen alsoc = 0,
and the Weierstra¥data would degenerate. Without losswe canassumethat
a= landc= 3. This solwesall period conditions and leavesus with a free
parameter,the positive LHpez-Rosparameteryz This is alsothe value of the
Gau¥amap at 1 , the planar end. As this parametercan't be O without that
the Weierstra¥data degeneratethe Gau¥ianap can't be vertical at the planar
end. Hencethe endswill newer be parallel and must intersect evertually.
Obsene that the Weierstra¥data are exactin this case.

Figure 9: Another spherewith three ends

4.4 The k-Noids of Jorge and Meeks

Let ustry to nd the Weierstra¥data of a minimal surface§, which looks
like the surfacebelow for k = 6:
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Figure 10: A Jorge-Meeks5-Noid

Topologically, this is a spherewith k holes. As ead of the endsshould
be a catenoidend, we expectthe underlying domainto be a sphere punctured
at k points p¢ represeting the ends. Assuming a rotational symmetry, we
can choosethesepoints to be the k" roots of unity. We seeand hope that
the Gaussmap is only vertical at the intersection of the surfacewith the
z-axes. Again by symmetry, thesetwo points correspndto 0 and 1 . Thus
we expect G(z) = ¥2™ for someinteger m. Near a point where the Gauss
map hasdegreem, the surfacelookslike an umbrella with m + 1 valleysand
m + 1 ridges. Hencewe obtain

G(z) = v&i*

with %.to be determined. Now let's turn to the height di®eremial. We claim
that it hasto be

Zki 1
@ 7%
This is becausewve needdh to have zercesof orderkj 1at 0and1 to make
thesepoints regular and we needsingle order polesat the py to make these
points represem catenoidal ends. From the residues

dh=

_ ki )w
gglsGdh = e
1 1l k
E%Sadh T k21,
Zr_elsdh =0

and the period condition we concludethat
==

sothat we can and have to choosewithout loss, = 1 and %= 1.
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Exercise 4.1 Verify that for k = 2 we get a surfacee which is isometric to
the catenoid.
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5 The Scherk Surfaces

We discussthe classicalSderk surfacesand someof its variations

5.1 The singly periodic Scherk surface

The singly periodic Scherk surfaceis de ned on the four-punctured sphere
& f81;8ig by the meromorphic Weierstrassdata

Gw) = w
iw
dh = W 1dw
| ¢ -f
Y
A0
-i
1 »
|

Figure 11: A fundamertal pieceof Sderk's singly periodic surface

As the Gaussmap is the identit y map, surfacepoints with known nor-
mal vectors can easily be spotted in the parameter sphere.

5.2 The period conditions

For the singly periodic Scerk surface,closedcurves® in & f§1;8ig are
mapped by the parameterizationto curvesconnectingpoints on the surface
which are equivalert under vertical translations.
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On the other hand, the Weierstrassrepresemation tells usthat the di®erence
vector of two sud points is given by the real part of the so-calledperiod
vector

L R T TR A

> 6; G dh;é 6+G :dh

As any curve on the surfaceis homologousto cyclesaround the punctures,
it sutces to ched that this period vector is an integral multiple of a xed
vertical vector for closedcurvesaround the punctures2 2 f81;8ig. These
integrals can be ewvaluated by the residuetheorem:

1. Vertical periods:

! iw Ve oy
— 71 - —
zdh—ZAVrV§§W4i 1dw—, 222 2 §2
2. Horizontal periods:
| iy 2 1
Iw Ya
|zGdh = 21/1vrv§§ . dwzlg
1 [  Ya
zédh = 21/1v5§§w4i 1dw— i %3
As 22 f81;8ig, we have indeed
Iy il Ioug f
Re —~j G dh=0=Re i =+ G dh
. G .G

This last horizontal condition can be stated equivalertly as

| I
Gdh= —dh

Sderk's formula of this surfaceas a graph is

] X o y
cosz = cog(A) tcosh—— i sin?(A) ¢cosh—
(A cos.AI n"(A) COSA

Here A is a free paramater which measureshalf of the angle between the
planar ends. In our casewe have A = %/“

As explained, the coordinate functions of a minimal surfaceare har-
monic and hencepossesdocally holomorphic extensions. It turns out that
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the mapping behavior of the complexcoordinate maps
z
270 Gdh
z

7! —dh
Z Gd

is very often surprisingly simple.

For the singly periodic Scherk surface,the restrictions of thesemapsto the
‘rst quadrart have the following image domains, consistingead of two or-
thogonal half-in nite parallel strips of the samewidth:

/////

\
\\\\\

Figure 12: Image of the rst quadrart under complexcoordinate maps

This follows from the Scwarz-Christo®elformula (seesection5.7). It
is a rather surprising phenomenonthat the relatively complicated minimal
surfacepatch can be understood through pieceswhich have an elemenary
geometricdescription. We will explain and exploit this later again.

5.3 Changing the angle between the ends

As was already obsened by Sderk, the angle between the ends can be
varied both for the singly and the doubly periodic surface. Here is the
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Weierstra¥represemation for the singly periodic surface:

G(z) = z
dz
dh = 2(z2+ 1=22 | 2cos2A)
dz

(22 i eizA)(Zz i e iZA)

The angleA is half the anglebetweenthe Scerk ends, it variesbetween

0 and % For A = 7» We get the classicalSderk surfaceswith orthogonal
ends.

Exercise 5.1 What do the period conditions mean in terms of gure 13?

Figure 13: A shearedsingly periodic Scherk surface

Exercise 5.2 Verify that the period conditions are satis ed.

Exercise 5.3 What hapgensfor A! 0?
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5.4 The doubly periodic Scherk surface

Sderk wrote down his doubly periodic surfaceas a graph over the square
Q=G 3DEG 33

_ cosy

 cosx
The sameformula de nes a translation-invariant graph over all squaresQ +
Yk+ %l with k+1° 0 (mod 2) (think of thesesquaresasthe black squares

of a chedkerboard tessellationof the plane).

This parameterizationis not very well suited for creating imagesof the
surface. It is not conformal, and it doesn't behave nicely at the ends. Also,
it doesn't shav that the translational copiesof the graph t together along
vertical straight lines over the cornersof the squares.

Figure 14: A fundamertal pieceof Scherk's doubly periodic surface

How canwe nd a (better) conformal parameterizationof the surface?

Mathematica Noteb ook 5.1 In the notebook Scherk.nbwetakethe above
surface parameterization and compute the Gau¥amap. The inverseof this
map composedwith the surfaceparameterization givesa conformal surface
parameterization. This is usedto derive a Weierstra¥srepresemation of the
surface.

Here we will follow a more geometricalapproad: Let's look at a fun-
damertal piece of the surface, divided by its translational symmetries. It
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is cut into eight congruert curved piecesby straight and planar symmetry
lines. In the parameterizationof the surfacepatch asa graph over the square
(i 59D £ (i £,%), theselines correspnd to the diagonalsand medians of
the square. Note that the horizontal curvesare not symmetry curves,these
arise from cutting o® the endsof the surface. Each of thesethree boundary
curvesis mapped by the normal map to a quarter of a great circle in the
image S?, and the curvesintersect under ¥4 angles. Hencethe symmetry
curves are mapped by the Gaussmap to the octahedron tessellationof the
round sphere. The round S? is identi—ed with the Riemann sphereso that
the four endsof the surfacebecomethe fourth roots of unity (we might need
to rotate the surfacefor this to hold), and the certer point of the pieceis
mapped to 0, while the four (identi ed) cornersare mappedto 1 .

If we usethis Riemann sphereas a new domain to parameterizethe
surface,the Gaussmap will just be the idertity map.

The height di®eremial will be a meromorphic 1-form on this Riemann
spherewith two simple zercesat 0 and 1 wherethe Gaussmap is vertical.
As the sum of the ordersof the zercesand polesof a meromorphicform on
the Riemann sphereis j 2, we needto distribute 4 simple poles. We are
forcedto put theseat the ends. Hence

G(z) = z
dh = -2 dz
IR NN
It remainsto determine, . As
resdz= 3

the endscauseno vertical periods if and only if | is real. Without loss,we
canput , = 1. Obsene that

1 1
Zr:els.Gdz = nglsgdz =1
so that ead end produceshorizontal periods, as wanted. So we seethat
Sderk's doubly periodic minimal surfaceis conjugateto his singly periodic
surface. Saerk didn't know this, becausethe notion of conjugate surfaces
was only discovered later.

By looking at the conjugate of Scherk's singly periodic surface with
arbitrary angle betweenthe ends, one obtains shearedSderk surfaceslike
the onein gure 15. Lazard-Holy and Meeks([LHI98]) have shavn that these
are the only doubly periodic surfacesof gerus 0.
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Figure 15: A sheareddoubly periodic Stherk surface

5.5 Singly periodic Scherk surfaces with higher dihe-
dral symmetry

We will now produce singly periodic Scherk surfaceswith higher dihedral
symmetry in the sameway as we got the Enneper surfacesof higher sym-
metry. Hereis the Weierstrasrepresemation for 2k-endedsurfaces,with an
additional parameter A:

G(z) = z!
dz
dnh = z(zX + 1=2j 2coskA)
Zi ldz

(Zk i eikA)(Zk i e ikA)

Thesesurfacesare enmbeddedaslong as

Yo Ya
2!k

1
< (ki DA< ;“

This condition ensuresthat the planar ends do not intersect. The most
symmetric case,where the asymptotic planesof neighboring endsintersect
at the sameangle 7, is obtained for A= .
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Figure 16: Singly periodic Sderk surfacewith eight ends

Exercise 5.4 Verify the last claim.

Obsene that for A = 0, we obtain the Weierstrassrepresetation of
the Jorge-Meekssurfaces.One can seethis corvergencegeometrically if one
rescaleshe surfacescorrectly. The right gure of 16 shav a Scherk surface
closeto sewral very large 4-noids.

One can even obtain lesssymmetric Scherk-like surfaces,using a con-

jugate Plateau construction in combination with a theorem of Jenkins and
Serrin, see[Kar88, JS64.

5.6 The twist deformation of Scherk's singly periodic
surface

Thereis another, more complicateddeformation of the singly periodic Scherk
surfaces([Kar88]):
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Figure 17: Singly periodic Stherk surfacewith four helicoidal ends

Thesetwisted Karcher-Sderk surfacescan be obtained from the classi-
cal Scherk surfaceby twisting them about the vertical coordinate axes. They
areinvariant under a vertical screwmotion with twist angle® = aYand exist
forO- a< % The quotient surfaceis again a four-punctured spherewith
punctures at 8 R; 8 i=R, whereR is a real parameterto be determined so
that a horizontal period condition is satis ed. While the height di®erertial
is still quite simple, the Gaussmap is more complicated. Hereis the formula

from [Kar88]: X

|
~ w?j R2 °
CW) = W¢ Rener 1
dh = W

w2i Re(Rwz+ 1)
For a= 0 and R = 1, we obtain the classicalSderk surface.

The Gau¥amap hasthe feature that it is not anymore singlevalued on
the quotient surface, and this makes a discussionof the horizorntal period
problem for this surfacea bit painful.

Instead of doing this, we will use a di®erert approat which uses
Sdwarz-Christo®el maps. This map allows to write down maps from the
upper half plane to euclideanpolygonsand has becomean important tool
in constructing Weierstradata. The following section 5.7 will discussthis
formula brie°y.
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We begin with an elemertary construction:

For 0 < a< 1, construct a right-angled triangle with angles(3 i 2)%
and (3 + 2)% Re ectit at the hypothenuseand extend the edgesto innit .

Color the edgesasindicated:

Figure 18: Step 1

Separatethe blue and red polygons,and re° ect the blue polygon at the
x-axes. Thesepolygonsform two unbounded quadrilaterals. Label them as
indicated.

Figure 19: Step 2

De ne mapsf; andf, from the upper half planeto the blue and red domains
so that labels are mapped to labels. This de nes the value of R as a real
number.
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Figure 20: Step 3

If we write
Gdh = di(z) = fX2)dz
édh = dy(2) = f)2)dz
then the Schwarz-Christo®elformula implies that
Gdh = z%sti y Il+6131+ R2z M %4z
édh = izi%sti ilia31+ R?z ' 4z
sothat
dnh = (zi.R? I(1+ Rzz)dZ
G(z) = iz} Rz
1+ R?z

Using the substitution z = w? givesbad the formulas in the beginning, up
to irrelevant constart factors.

eneedto @e(k that the imagedomainsunderthe Sdwarz-Christo®el
maps Gdh and 1=Gdh are congruern and correctly aligned.

For the correct alignmert, obsene that the integrand Gdh (resp. £dh) is
positive (resp. negative) in the interval (0; R?), sothat this interval is mapped
to horizortal lineswith the correct orientation.

For the congruencewe usethe map (z) = i % of the upper half plane and
compute that

fGdh = =z z(R?j zYiltag
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(1+ R%ziYyitiazi2qgz

_—
= H=
e Gdh

for somereal number .

We now ched that the period conditions are satis ed. For the vertical
periods we use
iw dw
(w?j RZ)(R2w?+ 1)
in the four-punctured sphereto compute with the residuetheorem

Yy
dh=j dh=; ——
§R : §i=R 1+ R?

dh=

For the horizontal periods, the symmetry of the constuction provesthat the
periods of Gdh and édh are complex conjugate.

5.7 The Schwarz-Christo®el form ula

We will discussthe classicalSdwarz-Christo®elformula which wasneededn
the previoussectionand which we will needagain. This formula is an integral
expressionfor maps from the upper half plane to an arbitrary euclidean
polygon boundedby straight lines.

De nition 5.1 A euclidean polygonis a simply connected regionin the plane
(or more geneally a simply connected Riemann surface with boundary over
the plane) such that all boundary components consist of straight lines and
sgments, meeting in a discrete set of vertices.

That is, we allow for unbounded polygons but exclude domains with
holesor handles.

By the Riemann mapping theorem, there is a biholomorphic map f
from the upper half planeto any sud euclideanpolygon. This map extends
continously (but not necessarilyinjectively) to the real axes. Let us denote
the preimagesof the vertices by t;, this will be a discrete subsetof the real
line.

Denote by ® the angleof the polygonat f (t;). Then we have the
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Theorem 5.1 (Schwarz-Christo®el form ula)

ZWY
f(z)=C.+ C, (zi tj))¥dz
i

A proof can be found in [Neh53.

40



6 Minimal Surfaces De ned On Punctured
Tori

We discussminimal surfacesde ned on punctured tori. We recall basicfacts
from complexvariablesabout complextori and elliptic functions. For the use
of geometricallyde ned elliptic functionsin the cortext of minimal surfaces,
see[HKW93].

6.1 Complex tori

A complextorus is given by a lattice @ in C, that is, a free abelian subgroup
of rank 2 in R2. Sud a subgroupcan be written as

o=fa i+ b,:ab2zg

Here!, and ! , are two complex numbers which are linearly independer
over R. They form a basisof the lattice, and the parallelogram spannedby
them is called a fundamertal parallelogram of the torus.

A meromorphicfunction f (z) on C is calledelliptic if it is periodic with
respectto o, that is if

f(z+!1)=1(2) 8! 2o
Assciated to ead elliptic function is its divisor
X
(f ) = nj Pj

which is a formal linear conbination of the zerces and poles P; of f in
T = c=a with their multiplicities n;.

The degreeof a divisor is

X
degf)=" n

The existenceof meromorphic functions with given divisors is settled
by the following important

Theorem 6,1 (Ab el) Thereis anelliptic function f (z) onatorus T = Cc=x
with divisor = n; P; if and only if

1. nj=0
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2.7 np 20

Example 6.1 On any torus, there is a meromorphicfunction with a double
order pole at the cornersof the fundamertal parallelogram and a double
order zeroat the certer.

Figure 21: A divisor

6.2 Algebraic equations

Take an elliptic function p(z) with double order pole and double order zero
on atorus T. Then pYz) hasa triple order pole and three zeraes, at which
p takesthe valuesO; a; b. Divisor considerationsshowv that p(z) must satisfy
a di®eremial equation

pY2)* = cep(z) ¢(p(2) i @) ¢(p(z) i b

We can scalep(z) and the lattice sud that

p12)* = p(2)(p(2) i 1)(P(2)i .)

The constart | is called the modular invariant of the torus T.

In principle, every elliptic function on T canbe expressedilgebraically
in terms of p(z) and pYz). Instead of working with z as a coordinate of T
and computing elliptic functions by computing st p(z) and pXz), we can
aswell usev = p(z) asa coordinate and computew = pYz) using

wl=v(vi 1)(vi ,) (12)

This equation can indeedbe suitably understood as de ning a set of points
which is complexisomorphicto T.
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Hence: Working with elliptic functions on T is equivalent to working
with rational functions in v and w sud that 12 holds.

This approad has the advantage that it generalizeseasily to higher
gerus Riemann surfaces.But it is limited insofar asit is not always easyto
expressa given elliptic function in terms of p and p°.

6.3 Theta functions

On the Riemann sphere,the meromorphic functions are just the rational
functions, which are products and fractions of linear functions. It is not
quite as simple for meromorphicfunctions on tori, but we can comecloseto
it if we usetheta functions instead of linear functions.

To any lattice, spannedby 1 and ¢, we assiate an ertire function
W(z; ¢): .
U(Z? (',) — el/i(n+1 =2)2;+2 Vi(n+1=2)(z+1 =2)
n=j 1
This complicated looking expressionhas the advantage that it corverges
rapidly. Here are the important properties of |

MO;¢) = O (simple zero)
Wz + 1;¢) i W(Z;¢)
Wz+ i) = s

Iz )

In the following, we will omit the secondargumert ¢. In a fundamertal
parallelogram,(z) hasno further zerces,and this allows the construction of
meromorphic functions with given transformation laws with respect to the
lattice periods:

Lemma 6.1 Leta;;h 2 Cc;i=1:::n. Then
Youzioa)®
has simple zemes at a;, simple polesat hh and satis es

fz+1) = ;)P®iif(z>
f(z+¢) = ¥ ®iaai_ihf(z)

f(z) =

Exercise 6.2 Usethis to provethe existen@ part of Abel's theorem!
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6.4 Elliptic functions via Schwarz-Christo®el maps

Any conformal torus can be speci ed by taking a parallelogramin the eu-
clidean plane and identifying opposite edges. This torus comeswith a °at
metric which alsode nesthe conformalstructure. It will be helpful to think
of this °at metric asa special ° at geometric structure in the sensehat it can
be given by local coordinate charts into the euclideanplane E (which are the
identit y maps on open subsetsof the interior of the parallelogram) so that
the changeof coordinate mapsare just translations.

On the other hand, given such a geometric structure, the exterior
derivatives of the coordinate charts t together to de ne a globally well-
de ned holomorphic (with respect to the inherited conformal structure) 1-
form on the torus. In our example,this is just the 1-form dz inherited from
the euclideanplane. It is worth noting that the periods of this 1-form are
visible in the geometry of the °at structure, namely as the edgevectors of
the parallelogram.

We will now repeat this construction in a slightly more complicated
situation. Take againa parallelogramin the euclideanplane, but now remove
it from the planeand identify againopposite edgedrom the remainder( gure
22).

Figure 22: Cone metric construction of meromorphic 1-forms

Topologically, we get a punctured torus, with the puncture correspnd-
ing to the point 1 of the extendedplane. Again this torus carries a °at
geometricstructure of the sametype asbefore,but this time with two singu-
lar points: One correspndsto the point 1 in the euclideanplane, the other
to the vertices of the parallelogramwhich are identi ed to a single conical
point with cone angle 64 Away from these singularities, this °at struc-
ture de nesagain a holomorphic 1-form on the torus by taking the exterior
derivative of local charts.
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To analyzethe behavior at the singular points, we rst look at a neigh-
borhood of 1 . Herethe geometryis preciselythe sameasfor dzat 1 in the
euclideanplane, which hasa double order pole there. Henceour holomorphic
1-form extends meromorphicallyto 1 with a double order pole. The sin-
gularity at the other singular point (the parallelogramvertex) is removable,
as the exterior derivative of coordinate function nearby is bounded. Hence
the 1-form also extendsto this point, and by the residuetheorem, it hasa
double-orderzerothere. In fact, in the next sectionwe will seethat a cone
angle® leadsto a zeroof order , j 1.

The periodsof this 1-form areagaineasyto read o®asthe parallelogram
edges.To avoid confusion: The parallelogramtorus is in generalnot the same
conformal torus as the ‘removed parallelogramtorus'. A notable exception
is the squaretorus.

At rst glance,surprisingly, this family of ‘removed parallelogramtori’
doesnot exhaustthe set of tori with meromorphic 1-form with double order
pole and zero. Firstly, the parallelogram can degeneratewithout the torus
degenerating!

Figure 23: A rhombic torus with real periods

To seethis, take once again the euclideanplane and slit it along the
interval [j 1;1]. Choosea number a 2 [0;1) and glue the [j 1;i a] portion
of the upper (resp. lower) part of the slit to the [a; 1] portion of the lower
(resp. upper) part of the slit.

In gure 23, we have indicated this for a= 0. This identi cation gives
again a °at torus with two singular points with the same cone anglesas
before. The periods of the correspnding 1-form are now both real, namely
i aand 1l a. Within this 1-parameterfamily there is preciselyonerhombic
torus, corresppnding to a = 0: In this case,the re° ections about the real
and imaginary axesare well de ned on the torus, and have a connected xed
point setead, which implies rhombicity.

For rectangular tori, this construction can be understood more con-
cretely in terms of Sdwarz-Christo®elmaps. The complemen of a rectangle
i the plane is the image domain of a fundamenal rectangleunder a map

? p(z)dz, wherep(z) is an elliptic function with doubleorder pole and double
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order zeroin the torus. If we usethe re° ectional symmetriesof the rectangle
to decommsethe rectangleinto four congruen smaller rectangleshalf the
S|z%of the original rectangle,ead of thesesmallerrectangleswill be mapped
by “p(z)dz to a quarter of the complemen-of-the-rectangle-domain. Now
both domains, the small rectangle and the complememary quarter, are eu-
clidean polygonswhich are imagesof the sameupper half plane under two
Stwarz-Christo®elmaps: The rectangleis obtained using

4

P Y .
utz(uj 1) z(uj ,)' 2du

N[

and the complemetmary quarter is given by

Z l 1
uti(ui 1) Z(uj L) zdu

Here, isthe modulus of the torus (or rectangle),it is a negative real number.
If we useu = p(z) asa torus coordinate, the identity map on the torus can
be rewritten as

ZZ
zZ = 1dz

z

= Ioidu
, PN2)
p 1

= g du

uui 1)(uij ,)

and similarly, the map to the exterior of the rectanglecan be rewritten as

‘2 _ frpd)
p(z)dz = p0(z) du
p
= g du
(Ui 1)(Ui .)

This suggeststhat the function p, which we have just abusedas a
coordinate function, maps the quarter-rectangle conformally to the upper
half plane. One can prove this easily by studying its boundary behavior or
using the above computations.

It makesit in fact possibleto de ne p(z) by this property, seeHKW93].
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6.5 The Chen-Gac kstatter surface

Figure 24: The Chen-Gadstatter surface

The Chen-Gadkstatter surfacewasthe rst completeminimal surfaceof nite

total curvature de ned onatorus. It hasthe samesymmetriesasthe Enneper
surface,which impliesthat the only possibletorus it canlive onis the square
torus. It hasjust one end of Enneper type at which the Gaussmap can be
assumedo have a simple zeroand the height di®eremial a triple order pole.
We can put the puncture represeting the end at the lower left corner of the
fundamenal square. The straight lines on the surfacebecomethe diagonals
of the squareand the planar symmetry lines becomethe edgebisectorsand
boundary edges.They intersect on the surfacein the end at in nit y and in
the three points with vertical normal, and on the squareat the four halfperiod
points. This determinesthe divisor of G and dh as follows:

G dh
Figure 25: Divisors of the Weierstrassdata
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This suggestghat we usethe algebraicdescription, as both dh and G
are easily expressiblein terms of w and v:

The underlying torus T is the squaretorus, which is given by the alge-
braic equation
w2=v(vi 1)(v+ 1)

The Gaussmap G and height di®eretial dh are given by

G = W=w
dh = dv

i( 1 . .
whereYzcan be explicitly determinedas %= p% to satisfy the hori-
4
zontal period condition.

Mathematica Noteb ook 6.2 The notebook ChenGackstatter.nbntegrates
the Weierstra¥data for the Chen-Gadstatter surfacein terms of hypergeo-
metric functions, computesthe L%pez-Rosparameterand plots the surface.

If we restrict our attention to the quarter of the surfacewhich is given
by the upper v-plane (which is the pieceof the surfaceonegetsif onecuts it
apart by the vertical coordinate planes), the complex coordinate maps can
be expressedas Scwarz-Christo®elmaps:

Z p z p
1 Sl Sl
Gdh = va(vij 1) 2(v+ 1) zdv
Z Z
p p
édh = viz(vj 1z(v+ 1)zdv

sothat thesetwo mapsmap the upper half planeto domainswhich are
complemetmary regions.

For the uniquenessof this surface,see[Lop92 Web99.

6.6 Riemann's minimal surface

Riemann's minimal surfaceis a singly periodic surface invariant under a
translation in space.
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Figure 26: Riemann'sminimal surface

The quotient of the surfaceby its translational symmetry group is a
torus with two ends. We arrange the surfacein spaceso that the Gauss
map is in nite at one end and zero at the other. The endsare planar, so
the height di®eretial will be regular there. As there are no further ends,
the height di®eremial must be holomorphic, hencea constart multiple of dz.
This meansthat the Gaussmap is nowhere elsevertical.

The symmetriesimply that the underlying torus is rectangular.

G

Figure 27: Divisor of the Gaussmap
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The vertical period condition requiresonly that one of the two period
is imaginary, which is the casefor dz. Also, the horizortal period condition
needsonly to be satis ed for one period. If we normalize G(z) = ¥p(z) sud
that G(z) becomesa translation of 1=G(z) by (1 + ¢)=2, Gdh and 1=Gdh
have the sameperiods. As for onecyclethesearereal, they are alsocomplex
conjugate.

A striking property of Riemann's minimal surfacesis that they are
foliated horizontally by circles(or, at the level of the ends,by straight lines).
See[MPR98].

6.7 The fence of Catenoids

The fenceof catenoidsillustrates what happensif onewants to add a handle
to the catenoid. A theorem of R. Schoen [Sh83] implies that this is not
possible. Howewer, oneis allowed to try.

Figure 28: A fenceof catenoids

Let's supposewe have a catenoid with an additional horizontal han-
dle. As a nite total curvature surface,this would be represered by a twice
punctured torus. Let us assumethat the surfaceis symmetric with respect
to re° ectionsat the coordinate planes. This implies that the torus is rectan-
gular, and the planar symmetry lines are represeted by the horizontal and
vertical symmetry lines of a fundamenal rectangle. All special points are
placedat the intersectionsof thesepoints. At the catenoid ends,the Gauss
map has a simple pole and zero, and the sameholds for the two points on
the handle wherethe Gaussmap is vertical. On the other hand, the heigh
di®erertial must have simple polesat the catenoid endswith real residues,
and simple zerces at the two handle points to compensatefor the Gauss
map. In terms of our elliptic function p, the height di®erertial canthus be
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Figure 29: A catenoidwith an attempted handle

written as dp=p (up to an irrelevant real scalefactor). It remainsto deal
with the horizontal period condition. We seethat G(z)dh = Y(z)dz and
1 — 1
sdN = mpdz
Up to a scalarfactor c, thesetwo forms are translates of ead other,
hencefor all cycles®

Z 1 Z
—dh = Gdh
- G .

We cansolvethe horizontal period problemfor onecycle® easilyby adjusting
the Lopez-Rosparameterz We can alsorotate the surfacein spaceso that
both periods of Gdh and édh over ® becomereal. Then the above equation
impliesthat (in this normalization) we have c = 1. Henceall periods of Gdh
and édh must be real. Howeer, this is impossibleon a rectangular torus.
This follows for instancefrom the Legendrerelation for the periods of dz and
pdz:

1Y i | % = 8%

as!, =il ;. Sowe are forcedto leave one horizortal period unclosed. This
leadsto a 1-parameterfamily of simply periodic minimal surfaceswhich de-
pendson the modulus of the rectangulartorus. Dependingon this parameter,
the handle grows inwards as belowv or outwards as above.
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6.8 Costa's minimal surface

Figure 30: The Costasurface

The Costasurfacewasthe rst embeddedminimal torus ([Cos82 Cos84. It
liveson the squaretorus with three punctures, hastotal absolutecurvature

= 12 two catenoid ends and one planar end. Later the planar end
was shavn to be deformableinto a catenoid end, giving rise to a 3-ended
embeddedminimal surfacefor ead rectangular torus.

There are alsotwo straight line on the surfacewhich passthrough the
origin.

Assumingthe existenceof sud a surface,we derive its Weierstra’/ze-
presertation asfollows:

We arrangethe surfacesothat the Gaussmap is vertical at the ends.

At the two catenoid ends,dh must have simple poleswith real residue.
Here the Gaussmap hastwo simple poles. At all other points, dh must be
regular. Hencewe expect two more zerces. One of them will be at the origin
wherethe two straight lines meet, and herethe Gaussmap must alsohave a
pole.

For the secondzero of dh, we have two choices,forced by symmetry:
Either we put it at the planar end, or we make the zeroat the origin a double
zero. In the latter case,the Gaussmap must also have a double pole at the
origin to make the metric regular there. But then Gaussmap would have a
fourth order zero at the planar end and dh would be regular, cortradicting
the quadratic growth of the metric at planar ends. Hencewe expect the
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secondzero of dh at the planar end. This must then be compensatedby a
triple order zeroof the Gaussmap.

G dh

Figure 31: Divisors for the Costa surface

Again, the surfaceis de ned on the squaretorus w? = v(v2j 1). The
point (v;w) = (1 ;1 ) represets the planar end, the points (v;w) = (8 1;0)
the catenoidends,and (0; 0) the origin. We can expressthe Weierstrassdata
in terms of v and w asfollows:

G
dh

Yo=w
,dv
(1i v)w

The free parametersare determined to kill the periods. First, the heigh
di®eremial must have real residuesat the ends,hence, must be real, and we
can chooseit to be 1 by scalingthe surface. To determine %; we would like
to evaluate two period integrals. Let ® be a horizontal cycle on the torus.
This becomesa closedcurve °* encircling 0 and 1 on the v-sphere,and we
can ewvaluate

Z Z s
1 2°1 Y
~dh = 2 v

de o 1j vzdv

_ 4P
Y( 7)

Unfortunately, it is not possibleto ewaluate Rou édh this way, becausethe
integrand has a too bad singularity at (v;w) = (1;0). To circumvert this
problem, we introduce a technique which is important both for theoretical
and practical purposes: We replacethe 1-form 1=Gdh by one with harm-
lesssingularities, using partial integration. First di®erertiating the surface
equationw? = v(v2 1) gives

2wdw = (3v?| 1)dv
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and hence

Y, wdv vdw
d— = ————
W w
_odv 3?1
- — 1 dev
_dv o 3v(v?j 1)+ 2v
= WI W3 dv
v,
' ow ! v(vZi 1w
_dv v
T tow! (v@i 1w
sothat
z Z1 gy
- H 1 -
.. Gdh . 2/20 o
2" 74i(9)
i(3)

and we can determine2 The other period which needsto be killed is along
the vertical torus cycle, or the cycle encircling 0 and j 1 in the v-plane.
Becauseof the symmetriesof the construction, howewer, this period is auto-
matically killed together with the °-period.

6.9 The Jorge-Meeks k-noids with an additional han-
dle

Figure 32: A 4-noid with handle
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The k-noids of Jorgeand Meeksare completeminimal surfacesof nite total
curvature de ned on the spherewith catenoid endsat the punctures corre-
sponding to the kth roots of unity. It is possibleto add a handle "connecting'
the two symmetry points. This hasbeenobsenedby Karcher (seeremark5.5
on pagell13in [Kar88] and the diploma thesis[Ste9q, where the existence
is showvn using a conjugate Plateau construction).

The underlying Riemann surfaceof thesek-noidsis a torus spannedby
1 and k ¢¢, punctured at k points. The re° ectional symmetriesimply that
the torus is rectangular. The rotational symmetry of the surfacebecomesa
conformal automorphism rotating the punctures, hencewe can assumethe
punctures to be at the points j=k¢; j = 0:::kj 1. Denote by T° the
quotient torus spannedby 1 and ¢. While the height di®erertial is invari-
ant under the rotation and hencedescenddo T° the GauYanap becomesa
multiv alued function satisfying

G(z+ 1) G(2)
G(z+¢) = 3G(z)

with 2 akth root of unity. We can construct G using theta-functions. Take

izi n)
A i)

_ HWzi nT)u(zi nt)
= Ouz e+ D) °

G(2)

From lemma 6.1 and the assumedperiodicity we deducefrom n8 =
e tythat 2= ni j n* = K1 sothat 4, = KL 1.

This determinesthe divisor of dh completely With theseconstructions
conditions (1) and (2) are satis ed, and we are left with the period condition
for dh, which we won't discussthere.

Mathematica Noteb ook 6.3 Howewer, there is a Mathematica notebook
(k-noidsg=1).nb available where the period problem is solved numerically,
using theta functions.

In the sameway as the ordinary k-noids are limits of singly periodic
Sderk surfacesthe k-noidswith a handleare limits of singly periodic Scerk
surfaceswith handles.
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Figure 33: A singly periodic Sterk surfacewith six endsand vertical handles

6.10 Parameterizing minimal surfaces

This subsectionexplains how to nd good parameter lines on a minimal
surface. This is important, assud parameterlines often help to understand
the geometryof the surface. It alsoyields very attractiv e surfacemodels.

Given the Weierstra¥represemation of a surface,we have a conformal
parameterization for free. So why not use the standard coordinate lines
on the parameter domain? As an example, look at Costa's surface. It is
clearly sutcient to draw a fundamertal pieceof the surfacewith respectto
its eightfold symmetry. Sud a pieceis parameterizedby the rst quadrart.
Recall that the origin is mapped to the origin in R®, the positive imaginary
axesis mappedto astraight hal®ine, the segmen (0; 1) is mappedto a planar
symmetry curve which connectsthe origin with the top catenoidend and the
segmen (1;1 ) is another planar symmetry curve connectingthe planar end
with the catenoidend.

The obvious drawbad of using a rectangular coordinate grid in the
‘rst quadrart is that it is not adaptedat all to the planar and the catenoid
ends. In our discussionof the minimal surfacesde ned on the plane or the
punctured planewe have seernthat the endsof a minimal surfaceare quite well
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treated by using polar coordinatescertered at the punctureswhich represemn
the ends.

For our parameterization of the Costa patch, we can deal with the
planar end this way by using planar coordinatesin the rst quadrart. This
however neglectsthe catenoid end.

Our ultimate sourcedomain will be the parallel strip R£ (0;%). This
can be mapped (conformally) to the rst quadrart such that j 1 is mapped
to land+1 ismappedto 1 . In fact, sud a map is explicitly given by

u7!|01+eu

Figure 34: Coordinate meshin the rst quadrart

This explicit approad works fairly well if the parameter domain of
a fundamertal pieceof the surfaceis sutciently simple sothat a mapping
function from a standard domain to it can be found, and sothat the endsof
the surfaceare represeted by at most two boundary points of the domain.
This is the casefor many (though not all) of the known minimal surfaces.

57



7 Higher Genus Minimal Surfaces

We discusshow minimal surfacesof higher gerus can be descrited and how
one can solwe the period problem numerically. For badkground about Rie-
mann surfaces,see[FK80, Gun6g.

7.1 Riemann surfaces

Riemann surfacesare 2-dimensionalmanifolds which are given by an atlas of
coordinate charts into C sothat the change-of-cordinate mapsare holomor-
phic. A conveniert way to de ne Riemannsurfacess by specifying algebraic
relations between meromorphic functions. This will also allow us to write
down meromorphicfunctions and 1-forms on the Riemann surfacein an ex-
plicit way. Hereis an example.

Example 7.1 Considerthe subset
Xo=f(x;y)2 £ E&:y?=x%; 1g

There is a natural way to turn this into a compact Riemann surface. This
requiresto think carefully about points at 1 , but we will largely ignorethis.
The coordinate functions x and y becomemeromorphic functions on this
surface,and all meromorphicfunctions can be expressedationally in x and

Y.

Another way of realizing this examplequite concretelyis the following:
Take two copiesof the Riemannsphere,punctured at the sixth roots of unity
(the zeraesof x8; 1). qu_ne f (z) = z onthesetwo copies. When computing

the squareroot g(z) = f(2)¢i 1 on oneofthesecopies,we facea problem
nearthe roots of unity: Analytic cortinuation of g alonga loop around oneof
thesepoints resultsin a signchangeof g. Sowe can't de ne g globally on just
one of thesecopies. The ideais now to glue the two copiestogether suitably
sothat wheneer we cortinue g analytically around one of the punctures,we
switch to the other copy. To do this more formally, we rst restrict g to a
subdomain of the punctured sphereon which we cande ne g globally. There
are se\eral choicesfor sudh domains: An etcient choiceis to connectthe six
puncturesin pairs by disjoint paths and then to slit the plane along these
paths. Continuation of g(z) around sud a cut forcesa double sign changeof
the squareroot sothat g becomeswell de ned. Another choice of a suitable
subdomain applies under more general circumstances: Slit the plane along
cuts which emanatefrom the six punctures radially to in nity. Then this

is a simply connecteddomain, there is a priori no cortinuation cor’ict. It

58



turns out that the surfacewe are going to construct will be independert of
the choiceof cuts we make, sowe will cortinue with the secondconstruction.

Now take the two copiesof the slit Riemann sphereand de ne g(z) on
both of them, albeit with di®erert sign. Glue the two copiestogether by
gluing them along the slits crosswise. This purely topological construction
ensuresthat the functions f and g becomecorntinuous on the glued topo-
logical surface. Howewer, it is easyto make this topological surfaceinto a
Riemannsurfacesothat f and g becomemeromorphicfunctions: Away from
the cuts, we take the identity map to the Riemann sphereas coordinates.
On the cuts coordinate mapsare given also by the identit y mapsof the two
di®Rerert sphereswhich are usedfor the gluing. Along the slit, these maps
take the samevaluesby construction. At the punctures, it takesa little work
to to construct a local coordinate which is holomorphically compatible with
the other charts. Let's look at the puncture at 1. The idea is to usethe
function ~ zj 1 asa local coordinate hepe. While this is impossibleon just
onecopy of €, the two glued copiesmake z | 1 single-aluedin a ne&grbor-
hood of 1. The changeof coordinate maps will be holomorphic,as” zj 1
is holomorphicin neighborhoods of points away from 1. Note that we don't
needto worry about holomorphicity at 1, asthis point isn't covered by any
other coordinate. A nal issueariseswith the point 1 (to which all the slits
connect). As we have an even number of slits, the squareroot function does
not changeits sign here, so on the Riemann surfacewe construct there are
actually two points 1 coming from the two di®erert Riemann spheres.

7.2 Di®erential forms

Let's supposewe are given a Riemann surfaceX by an algebraic equation.
For simplicity on concretenessye assumethat the equation hasthe form

y' = P(x)
whereP is a polynomial of degreem. Then x will be a meromorphicfunction
of degreen on X which haszeraespreciselyat the copiesof the points (0;y;)
with yi' = P(0).

We will now use the functions x and y to write down meromorphic
di®ererial forms on a Riemann surface.

Example 7.2 Let X given by
y?=P(x)=x% 1
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Denote the two zerces(0; 8 P i 1) by 0;.» and the two copiesof 1 by 1 ..
Then x has simple zercesat 0,., and simple polesat 1 ;.,. The function y
has simple zeraes at the six zerces x;..¢ of P(x) and triple order poles at
1 ;.. This is consiste with the important fact that the number of zerces
of a meromorphicfunction on a compact Riemann surfacemust be equalto
the number of its poles,courted with multiplicit y.

We obtain meromorphic di®erertial forms on X by taking exterior
derivatives of meromorphic functions and and multiplying them by other
meromorphicfunctions. For instance,dx will have two double order polesat
1 ;., and simple zercesat p;..¢. Di®erertiating the surfaceequation gives

ydy = 3x°dx

and from this we cancomputethat dy has fth orderzercesat 0,., and fourth
order polesat 1 ;.,. We alsoseethat the forms d7x and x“7X are holomorphic
on the surface.

Here are thesedata in a tabular form:

x |00 11 @
y o} 13 01
dx @ 12 0
dy |[0° 1% =@
dx=y | =@ ot o
xdx=y | 0! @« o

Example 7.3 Considernow the Riemann surfacegiven by
y?=P(x) = x(x°i 1)

In this case,there is only one copy of O in the surface(denoted by 0) and
alsoonly onecopy of 1 .

Thusx hasadoublezeroat 0 and a doubleorderpoleat 1 . Again, the
behavior of y can be read o® from the equation: It hassimple zercesat the
se\en zercesx;..7 of P and a seerth order poleat 1 , due to the brandhing
atl .

This time, dx will have a triple order pole at 1 and simple zerces at
X1:-7. We could again compute the data for dy by di®eremiating the surface

equation. We also seethat the forms dVX; xd7x and x2d7" are holomorphic on
the surface.

We introduce a bit of notation which we have already usedfor tori:
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De nition 7.1 Letf bea meromorphicfunction on a Riemann surface. Let
pi be the set of zeres and polesof f and n; their multiplicities. Then the
formal linear combination

X
(f)=  nip

is called the divisor of f . A similar de nition holdsfor meromorphic 1-forms.
The numbker n; is called the degree of the divisor/function/form.

Remark 7.4 There is a form of Abel's theorem for Riemann surfacesof
arbitrary gerus which involvesthe Jacobianof the Riemann surface.

7.3 The Chen-Gac kstatter surface of genus 4

Figure 35: The Chen-Gadstatter surfacewith four handles

For ead gerus, there exists a minimal surfaceof gerus g with one Enneper
end and the samesymmetriesas the Enneper surface. These surfaceswere
‘rst discussednumerically by Thayer and their existencewas proven by
[Sat9g and [WW98]. They are particularly simpleto deal with numerically.
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They are de ned on Riemann surfacesof gerus g, given by
Qe n. .o
2 _ J'g:i )§2| ai2 .
y = XQ(g+1) =2

R G

with certain numbers
l=a < b <a<h<:::

The 2g+ 2 points 0;1 ;84a;; 8 are all branched points, hencehave only
single copieson the surface.

The Weierstra¥data are given by

G(x) = %
dh = dx

The height di®eretial dh hasa double order poleat 1 and the Gaussmap
a singleorder pole or zero,dependingon the parity of g. Hencel represets
an Enneper end, and there are no further ends.

The g free parametersa; ; by ; Y2are neededto solve the horizortal period
problem. While dh is exact, there are 2g cycles whose horizontal period
conditions must be satised. But becauseof the imposedsymmetry, only
half of the conditions needto be chedked. A suitable choice of thesecycles
is given by curvesencircling the g intervals

(021 = 1); (a1; bu); (bus @p); i i

The evaluation of theseintegrals can be carried out on the real axes,asthe
singularities of the integrandsat the a and by are integrable.

If onewants to draw one of these surfaces,one rst hasto solwe the
period problem numerically. This requiresto solve a g-dimensionalnonlinear
system of equations, for which the function evaluations are very expensiwe,
asthey involve the numerical integration of the periods.

The period problem for these surfacescan be restated in a geometri-
cal way by looking at the following maps from the upper half plane to the
complexplane given by

ZZ
z 7! Gdh
7! —dh
Z Gd

It is a surprising but easyto prove fact that the imagedomainsof the upper
half plane under these maps are staircase shaped domains which look as
follows:
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Figure 36: Image domainsof the complexcoordinate maps

The horizontal period condition is now equivalert to the requiremern
that thesetwo domains t together.

Thesetwo domainsare conformalimagesof the upper half plane, where
the vertices correspnd to 0, the 8 &, and the 8. This suggestsanother
way of constructing minimal surfacesof higher gerus: One de nes 1-forms
Gdh and 1=Gdh by specifying the imagedomainsof their integrals,and using
the Riemann mapping theorem. The horizontal period condition becomesa
geometriccondition on the shapesof the domainswhich needsto be solved
under the assumptionthat the domainsof Gdh and 1=Gdh are conformal.

7.4  The doubly periodic Scherk surface with handles

It is possibleto add handles between ead other vertical pair of ends of
Sdherk's doubly periodic surface. The gerus one version of this was con-
structed by H. Karcher (see[HKW93)]).
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Figure 37: The doubly periodic Scherk surfacewith four handles

For these surfaces,we use the perspective from the end of the last
example. Instead of algebraically de ning Riemann surfaceswe de ne Gdh
and édh by the image domainsof their integrals:

Figure 38: The image domains of the complex coordinates maps for the
doubly periodic Scherk surfacewith four handles

Again, the requiremerns on thesetwo domainsarethat they t together
andthat they areconformalby avertex preservingmap. Then, thesedomains

are imagesof a fundamertal pieceof the goubly periodic Scherk surfacewith
four handlesunder the maps Gdh and édh.

Obsene that the image domains can be obtained from the image do-
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mains of the classicalSterk surfaceby cutting cornersalong one boundary
arc. This processof cutting cornersin euclideandomains correspnds to
adding handlesto the minimal surface.

To obtain explicit formulas for Gdh and édh, one expressesthese
formsasSdwarz-Christo®elintegrandsfor mapsto thesepolygonaldomains.

Theseintegrandshave free parameterswhich needto be determined numer-
ically sothat the domains 't together.

7.5 The generalized Callahan-Ho®man-Meeks surfaces

The Callahan-Ha®an-Meekssurfaceis a singly-periodic mutant of the Costa
surface:

Figure 39: The Callahan-Ho®man-Meeksurface
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Its quotient under a vertical translation is a gerus 3 surface,punctured
at two points:

y*=P(x) = X*(x*| 1)(x*i &):

Furthermore, the Weierstra¥data are given by

1 dx
Gdh = @y
1 _ydx
Edh X2 1

7.6 Period computations

It is possibleto add arbitrarily many handlesto ead translational funda-
mental piece of this surface([Web0Q). Hereis an examplewith two more
handlesbetweentwo consecutie parallel ends:
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Figure 40: The Callahan-Ho®man-Meeksurfacewith two more handles

This exampleis denotedby CHM3;. We will now explain how one can
solve the period problem for surfacesof this kind. Even though the method
will be quite general,we will usethe CH M -surfaceasthe main exampleas
hereall computations can be carried out by hand.

For solving the period problem of the CH M ;-surface,we have to inte-
grate
1 dx
Gdh= ——
X2 | a2 y
over closedcycleson the Riemann surface(the other Weierstra¥il-forms do
not causeditculties). Thesecyclesare represeted by closedcurvesin the
x-plane encircling the punctures0; 8 1; 8 a.
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This is dixcult, because

2 The integrand Gdh is multivalued in x

2 The integration path is a curve in the complexplane

While it is tempting to replacetheseintegralsby a real line integral between
the puncturesj a;j 1;0; 1; a, this is impossiblefor the integrals encircling a,
asthe integrand hasa non-integrable singularity there. We have encounered
this kind of problem beforewith Costa's surface.

The ideahereisto replacethe 1-formsabove by cohomologousneswith
integrable singularities. For this, onehasto nd the replacemets extciently .

Wediscussgthis in a slightly moregeneralway: Supposethat a Riemann
surfaceX is given by

29+1
y'=P(x) = (xi x)*
i=1
where the x; are real numbers and the d; are integers. This amourts to
saying that the surfaceis a cyclically branched cover over the Riemannsphere
punctured on the real axes.

Let a meromorphicl-form! on X be given by
dx
' =T(X)—
( )y

with somerational function T(x) sud that
F(x) = T(X)P(x)
is a polynomial of somedegreed. We have in mind ! = Gdh. Herethe the

rational function is

1
T(x) = X2 @

The goalis to compute (numerically) the periods of this form ! .

From cohomologicalconsiderationsit follows that we are able to write

';n(i(l)dxi #dx— @ (13)

. : _ R
with new polynomialsA and R. Soinsteadof . yFn(fl) dx we can now compute

R _ :
o %dx, which can be donealong a real line segmeh X;X;+; . Howewer, the
task remainsto nd A(x) explicitly.
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By di®eremiating the Riemann surfaceequation

| PO
y"=P) ny'ildy= PUx) dy= de

we get that for an arbitrary function f on X
d (x f%x fd
y (x) _ yy i y
y y

0
= f%x }P—fdx

Hence(1) is equivalert to

Fi y"A=y"(R% LiP'R)
: Fi PA+RY+ IPR=0

This equation allows oneto nd the coetcients of the polynomials A
and R by solving a symbolic linear system of equations, provided certain
technical conditions on the degreeof P are satised (which we don't care
about).

Solving this symbolic systemis still not an obvious task, if the rank of
the systemis large (say 10). One can get around this asfollows:

Solving (13) for A gives

A= %i RO (14)
As A will be a polynomial, we haveto nd R with degR - 2g sud that

nF+PR" 0 (modP) (15)
To solve this equation, we rst solve

PR 1 (modP)
That is we seekpolynomials Q and S sud that

QP°=SP +1

At the 2g + 1 placesx; whereP vanishes,we deducethat necessarily

Q)= 5y
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sothat we canwrite down a candidate for Q using Lagrangeinterpolation:

ALY xj x5 1

i1 jei Xi i X PAXi)

2L P(x) . oxix 1
lim

Xi xix'x P(x) PAx;)

x1 1

-1 (Xi x)PYxi)?

Q(x)

i=1

P(x)

Using this, we get R from (15) as
R=ijnQF (modP)
and this allows to compute A by (14).

Becauseour F will always sharemany zeraeswith P, it is much faster
to compute R directly by Lagrangeinterpolation using the fact that

F(xi)
PAx;i)

R(xi)=1in

All this is quite easyto implemert. For a variation, it is conceiable
that there areother kinds of replacemets if onelooksonly at the singularities
which actually causetrouble for the cycle over which onewants to integrate.

Finally, we give the results of the computation in the simplest case:

Example 7.5 (The CHM; surface) Herewe have for Gdh

P(X) = xX*(x*j 1)(x*j &)
FO) = X3¢ 1)
_ o X(x%q 1)
R O
X% a®
AL a?(a?j 1)
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