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A Graphical Illustration of the EM Algorithm

William NAviIDI

The EM algorithm is a method for producing a sequence
of parameter estimates that, under mild regularity condi-
tions, converges to the MLE. The EM algorithm is well
regarded, in part because of two monotonicity properties:
convergence to the MLE is monotone, and the value of the
likelihood function increases with each iteration. A graphi-
cal illustration of the EM algorithm makes these properties
intuitively apparent in the one-parameter case. In addition,
a well-known result regarding the rate of convergence of
the algorithm can be inferred.
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1. DESCRIPTION OF THE EM ALGORITHM

The EM algorithm (Dempster, Laird, and Rubin 1977) is
a very widely used procedure for maximizing a likelihood
function. In a typical application a random vector X (“the
complete data”) is postulated to have a density in some fam-
ily f(x/6),0 € ©. The random vector X is not observed.
Instead, we observe a random vector Y (the “incomplete
data”) that is the image of X under some many-to-one trans-
formation. Let g(y|f) denote the density of Y. A natural
estimator of @ is 6, the maximizer of g(y|@). Often it is
numerically infeasible to maximize g(y|@) directly. If the
complete data likelihood f(x|€) can be maximized, and if
certain conditional expectations given Y can be calculated,
then the EM algorithm can be used to produce a sequence
of values 6, that converges to 6.

The EM algorithm is valid in many commonly occur-
ring situations. For example, X and Y may be multino-
mial, with Y representing the collapsing of some of the
cells of X. More generally, if data are missing in Y, then
X would be taken to be the vector with no missing val-
ues. Recently, problems in genetic epidemiology have been
modeled where Y is a vector with each component repre-
senting the disease status of a subject in a study, and X
is a vector of ordered pairs representing both the disease
status and the unknown genotype of a subject. Many other
examples are given in Dempster et al. (1977).

In most cases where the EM algorithm is attractive, the
density of X, f(x|@), can be written in exponential family
form:

log f(x|0) = S(x)"6 — a(8) + b(x), 1)

where S(x) is a vector of sufficient statistics for the com-
plete data. Note that we have assumed without loss of gen-
erality that @ is the natural parameter of the exponential
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family. In this case the sequence of values generated by the
EM algorithm is easy to describe. Given an element 8y, in
the sequence, 6.1 is generated by the following two-step
process:

e The E-step: Compute E(S|y, 0y).
e The M-step: Substitute E(S|y, 8x) for S in (1). Define
0111 to be the maximizer of (1).

2. PROPERTIES OF THE EM ALGORITHM

Under mild regularity conditions on the likelihood func-
tion (see Wu 1983 for details), and assuming that the initial
value in the sequence is not too far from the maximum, the
EM algorithm has two important properties that account for
its usefulness:

Property I: If 0 is a real parameter, the sequence of EM
approximations converges monotonically to the MLE, that
is, 0, 10 (or 6, | 0).

Property II: The EM sequence increases the likelihood at
each step, that is, for all &, g(y|0k+1) > g(y|6k).

In the case that f(x|@) is a regular exponential family
(the parameter space © contains an m-dimensional rectan-
gle where m is the number of sufficient statistics), it turns
out that the MLE @ can be characterized as the parameter
value under which S and Y are uncorrelated, that is, the
conditional expectation of S given Y is the same as the
unconditional expectation (Dempster et al. 1977; Sundberg
1974). We have

E(S|Y,0) = E(S|6). )

This result provides considerable insight into Properties I
and II. We present this insight in a simple graphical form
for the case where f(x|0) is a one-parameter regular expo-
nential family. A result regarding the rate of convergence of
the EM algorithm then becomes apparent as well. We begin
by deriving the one-parameter version of (2). Our derivation
parallels that of Dempster et al. (1977).

Let X be a real random variable distributed according to
a one-parameter exponential family. That is,

log f(z|0) = S8 — a() + b(z). (3)

Let Y be the image of X under some many-to-one func-
tion. Let L() = logg(y|d), the log likelihood we wish to
maximize. Let k(z|y,0) = f(z]0)/g(y|6), the conditional
density of X given Y. Because log k(z|y, 8) = log f(z|0) —
log g(yl6),

log k(z|y, 0) = SO — a(0) — L(8) + b(z). 4)

Because E[0/00log f(z|6)] = 0 and E[9/06log k(x|y, )
|y] = 0, it follows by differentiating and taking expectations
of the right-hand sides of (3) and (4) that .

E(S|6) = d'(6) (5)
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Figure 1. The sequence of EM approximations is obtained by moving rightward and upward between the curves. The sequence converges to
the MLE 6.

and
E(S|y,0) = d'(6) + L' (8). (6)

Equations (5) and (6) can be combined to yield an expres-
sion for L' (9):

L'(0) = E(Sly,0) — E(S). ™)

A general form of equation (7) was given by Sundberg

(1974). Because L'(f) = 0, the one-parameter version of
(2) is now apparent:

E(Sly,0) = E(S)9). (8)

Now let g be the kth term in the sequence of EM ap-
proximations to §. The k + 1st term is obtained by com-
puting E(S|y,60;) (the E-step), substituting this quantity
for S on the right-hand side of (3), and maximizing over
# (the M-step). One thus obtains 6y; as the solution to
a'(0k+1) = E(S|y, 0x), which by (5) is equivalent to

E(S|0k+1) = E(Sly, Ok). ()

For all 6, var(S|0) = a”(8), and var(Sly,0) = a’(0)
+ L"(9), so a”(8) > 0 and a”(8) + L"(6) > 0. Further-
more, L"”(6) < 0 in some suitably small neighborhood of
the MLE 4. It follows that both E(S|6) and E(S|y, 6) are in-
creasing functions of ¢ in a neighborhood of 4, with E(S|6)
increasing more rapidly.

Figure 1 shows a schematic plot of E(S|6) and E(S|y,6)
versus 6. Equation (9) indicates that the sequence {6,,} of
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EM approximations is obtained by moving between the
curves, following the arrows as indicated in the figure. It
is thus clear that 6,, T §, which is Property I.

Equation (7) indicates that the derivative of the log like-
lihood, L'(9), is the distance be;tween the two curves for
6 < 6, and the negative of the distance for § > §. Now it is
clear that for all k, L(6x+1) > L(6), which is Property II.

Figure 1 was generated by taking X to have the exponen-
tial distribution with mean 1/6, and Y equal to the greatest
integer in the quantity (X +.99). The sufficient statistic .S is
equal to X. In this simple example it is possible to compute
the density of Y as P (Y = y) = (&% — e~ 019)e~%, Of
course, the intuition provided by Figure 1 applies to any
exponential family.

The monotonicity of convergence shown in Figure 1 sug-
gests that if one can find starting values 6, and 6, whose
EM sequences are monotone in opposite directions, then
one can conclude that the sequences bracket 4. It may then
be possible to speed convergence by using averages of es-
timates from these sequences.

3. RATE OF CONVERGENCE

A diagram similar to Figure 1 illustrates the rate of con-
vergence of the EM algorithm. Let I,.(6) and I, () rep-
resent the Fisher information associated with g(y|f) and
k(z|y,0), respectively. Differentiating (3) and (4) twice and
taking expectations yields

L,(0) = a"(6) (10)
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Figure 2. The sequence of EM approximations converges to the MLE 6. The limiting rate of convergence is BC/AC = Ly ( 6 )/Ix ( 9).

and
Iy (0) = a’(0) + LY (9). (11)

It follows from (5) and (6) that I,(#) and I,,(0) are the
derivatives of E(S|6) and E(S|y,0), respectively. As an
aside we note that

L//(e) = a:ly(o) - (12)

Equation (12) can be found in Louis (1982) and in a more
general form in Sundberg (1974) and in Dempster et al.
(1977). R

As n — 00,0, — 0, and it is appropriate to use the linear
approximations

E(810) = B(S6) + I(6)(¢ - 6)

1,(6).

(13)
and

E(S|y,6) = BE(Sly, 8) + Ly, 0)(6 - 0).  (14)

Figure 2 is the same as Figure 1, except that the curves
E(S|0) and E(S|y,0) are replaced by their linear approxi-

mations, with slopes I,(6) and I, 1y (8), respectively. Now it
is clear from the figure that

AC=0-6,  BC=0—0ny1,

I,(0)=CD/BC,  I,,(0)=CD/AC  (15)

from which it follows that

= . (16)

Because I, (é) is the information in the complete data X,
and ley(é) can be interpreted as the information in X that
is not in the observed data Y, equation (16) shows that the
rate of convergence of the EM algorithm is determined by
the proportion of information lost due to incompleteness. A
more detailed discussion of convergence rates in a general
multivariate setting is given in Dempster et al. (1977).

[Received October 1994. Revised May 1996.]
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