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Hidden Markov Models
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Introduction

* Modeling dependencies in input.
* Sequences:

— Temporal: In speech; phonemes in a word (dictionary),

words in a sentence (syntax, semantics of the language).

In handwriting, pen movements
— Spatial: In a DNA sequence; base pairs

Markov Property
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Lst-order Markov model
g, represents the state at time ¢
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An Example

)

(gu) o=
A lst-order Markov model for weather predictor
State-transition probability P(q, | g,,)

0.3

Lrainy L oo .T-ij]:‘"_d)"- i Tt rainy | cloudy | sunny
04 A\ or o3 ) 9 04 | 03 | 03
TN N coudy | 02 | 06 | 02
St sumy | 01 | 01 | 08

08\

P(Observation|Model)

Question: given the day 1 is sunny, what is the probability that
the weather for the next 7 days will be “sun-sun-rain-rain-sun-

cloudy-sun”?

P(O|Model) = PS5, S5, S3, S1, S, S3, Sz, S3lModel]
= PIS3] - PIS,|S3] - PIS5|S3] - PIS4|S3]
+ PIS4|S1] - P{S3|Sq) - PIS,ISs] - PISs|S3]

Question: given the model is in a known state, what is the
probability it stays in that state for exactly d days?

O = {Sil Si/ Si: ety si/ S/ * Si}l
1 2 3 d d+1

P(O|Model, g; = S) = (@)?~'(1 - a;)

From Markov To Hidden Markov

* The previous model assumes that each state can be uniquely
associated with an observable event
— Once an observation is made, the state of the system is then
trivially retrieved
— This model, however, is too restrictive to be of practical use
for most realistic problems
To make the model more flexible, we will assume that the
outcomes or observations of the model are a probabilistic
function of each state
— Each state can produce a number of outputs according to a
unique probability distribution, and each distinct output can
potentially be generated at any state
— These are known a Hidden Markov Models (HMM), because
the state sequence is not directly observable, it can only be
approximated from the sequence of observations produced

by the system
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Hidden Markov Models

“ s 1) & | Hidden states

ol

O \ @1 | o

Observed states

» Graphical Model
= Circles mdicate states

= Arrows indicate probabilistic dependencies

between states

The coin-toss problem
To illustrate the concept of an HMM consider the following
scenario
— Assume that you are placed in a room with a curtain
— Behind the curtain there is a person performing a coin-toss
experiment
— This person selects one of several coins, and tosses it: heads
(H) or tails (T)
— The person tells you the outcome (H,T), but not which coin
was used each time
Your goal is to build a probabilistic model that best explains a
sequence of observations 0={01,02,03,04,...}={H,T,T,H,,...}
— The coins represent the states; these are hidden because you
do not know which coin was tossed each time
— The outcome of each toss represents an observation
— A “likely” sequence of coins may be inferred from the
observations, but this state sequence will not be unique

The Coin Toss Example — 1 coin

*As a result, the Markov model is observable since there is only

one state

«In fact, we may describe the system with a deterministic model

where the states are the actual observations (see figure)

the model parameter P(H) may be found from the ratio of heads
and tails

*O=HHHTTH...

S=111221.. P(H) 1-P(H)

. 1-P(H) .
(X X2)

Heads Tails

The Coin Toss Example — 2 coins

a a2z

b=

P(H) = P, P(H) =P
P(T)=1-P4 P(T)=1-P,
2-Coins Model

(Hidden Markov Model)
O=HHTTHTHHTT H..
S=11 2 212112 2 1.
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From Markov to Hidden Markov Model: The
Coin Toss Example — 3 coins

an ax

3-Coins Model

(Hidden Markov Model)
OQ=HHTTHTHHTT H.
$S=3 123 311231 3.

P{H) p-] Pz P3
P(T): 1-Py 1-P; 1-P3

1, 2 or 3 coins?

¢ Which of these models is best?

— Since the states are not observable, the best we
can do is select the model that best explains the
data (e.g., Maximum Likelihood criterion)

— Whether the observation sequence is long and

rich enough to warrant a more complex model is a

different story, though

The urn-ball problem

¢ To further illustrate the concept of an HMM, consider this scenario
— You are placed in the same room with a curtain

— Behind the curtain there are N urns, each containing a large
number of balls with M different colors

— The person behind the curtain selects an urn according to an
internal random process, then randomly grabs a ball from the
selected urn

— He shows you the ball, and places it back in the urn
— This process is repeated over and over
¢ Questions?
— How would you represent this experiment with an HMM?
— What are the states?

Umn1 Urn 2 UmN

Double Stochastic System
The Urn-and-Ball Model

C o0 Cl
@ L] D
Plred)  =by(1) Plred)  =by(1) Plred)  =ba(1)
P(green) =by(2) P(green) =bs(2) P(green) = bs(2)
P(blue) =by(3) P(blue) = by(3) P(blue) =bs(3)

Plyellow) =by(4) P(yellow) = by(4) P(yellow) = bs(4)

O = {green, blue, green, yellow, red, ..., blue}

How can we determine the appropriate model for the
observation sequence given the system above?
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Elements in HMM

§=1{1.2, ..., N} —all possible values of hidden states.

0, — The observation at time ¢

V={1,2,.... M} — all possible values of observed states.
A =[a,],; — state transition probabilities.

ag=Plg.,=jlg, =0, a;=0, 1=ij=N Za; =L

B = [b;],; — emission probabilities.
by =Plo,=k|gq=) by20, 1sisN&1<sksM Ih,=1

&= {m} — nitial state probabilities. 7, = P(g, =i). L7, =1.

A= (A, B, 7

HMM Example - Casino Coin

09 0.2 | Two CDF tables
/0.1\‘
\ State transition probs.
T States
0.8

, Y o
0-5// 0.5 07/ .0.3 «————— Symbol emission probs.
/ . v P
H T H T «——— Observation Symbols

Observation Sequence
HTHHTTHHHTHTHTHHTHHHHHHTHTHH «—

FFFFFFUUUFFFFFFUUUUUUUFFFFFF «—— State Sequence

Motivation: Given a sequence of H & Ts, can you tell at what times the casino cheated?

Problem 1

Problem 1: Given the observation sequence O = O, O,
-+ + Oy, and a model \ = (A, B, 7), how do
we efficiently compute P(O|N), the proba-
bility of the observation sequence, given the
model?

How well a given model matches a given observation sequence.
If we consider the case in which we are trying to choose among
several competing models, the solution to Problem 1 allows us
to choose the model which best matches the observations.

Example: Balls and Urns (HMM):
Learning |

¢ Three urns each full of balls of different colors:

S,:state 1, S,: state 2, S;: state 3: start at urn

1- red green blue unl un2 urn3

(urn 1) 0.5,0.2,0.3 (urn1)0.4 03 0.3
B=|(um2)020305| B=|[@um202 06 0.2
Lum 3) 02,0.5,0.3} Lurn 301 01 OJ
{So=1;8;=1,5,=2,S3=3}; b=[by=1 by=3; by=2; by =1]
P(O,S|AB)=
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Problem 2

Problem 2: Given the observation sequence O = O, O,
-+« Oy, and the model \, how do we choose
a corresponding state sequence Q = g, q,
- - - grwhich is optimal in some meaningful
sense (i.e., best "“explains” the observa-
tions)?

Problem 3

Problem 3: How do we adjust the model parameters \
= (A, B, 7) to maximize P(O|\)?

Solution to Problem 1

Given O = 0,0,...07and A, compute P(O|4).

P(O|2) = ZoP(0.01) = Z,P(010.4) POIA)

09:%4; " Yaraar

P(0]0.0) =] P, |q,.2) P(O|D)=7,a

However, there are N7 possible hidden state sequences!

There is an efficient way — dynamic programming.

The Trellis
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Dynamic Programming

From S to F, 4 steps, two states in each step.

Principle of Optimality (Bellman 1965)

e From any point on an optimal trajectory, the
remaining trajectory is optimal for the
corresponding problem initialed at that point.

= Problem 1: fromOtoT
= Problem 2:fromtltoT
= Problem 3: from 0 to tl

* Any intermediate point in the optimal path
must be the optimal point linking the optimal
partial paths before and after that point.

Dynamic Programming

At each step we need to make a decision, up or down.

* The basic idea of principle optimality is that we proceed
backward and at each step, we find the best path at this
time, from the current state to the destination.

* At each step, we go back one more step back and deal
with the sub-problem based on previous solutions.

Step 1

X,(1) X,(2) 5 X,(3)

7 2
X,(1) X,5(2) X,(3)

Stepl:t=3 ] (xl(3),3) =4
3(%,(3),3) =3
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X,(1) X,(2) X,(3) X,(1)
o (3(x3),3) + D(x,(2), %,(3)) _
J(x,(2),2) = mln[J (%33 + D (2).x, (3))] J(x@).1)=m

J(*,(3),3)+ D(x,(2), x,(3))
J(x,(3).3) + D(x,(2), x,(3))

’ X,(2) X,(3)
in( 3(%,(2),2)+ D(x, (), x1<2))J
3(%,(2)2) + D%, (1), X, (2))
3(4(2).2) + D(x, (1), xl(z))J
3(%,(2)2) + DX, (1), %,(2)

J(%,(2),2) = min( J(%,(1).1) = min[

Step 4
The forward Procedure

ali) = PO Oy - O g, = Sil)\)

The probability of the partial observation sequence and
state Si at time t given the model.

(1) Initialize

a,(:)—,'rrbm, 12i=N

X,(1) X,(2) X,(3)

2(%(2).2)+ DX (1, %(2) eI nnh, 22121
J(%,(2),2) + D(x (1), X,(2)) '

3(%,(2).2)+ D%, (D, %(2) oLt
3(%,(2),2)+ D(%, (1), %,(2)) i

J(x@D).1) = min(

lsis N

J(x,(1).1) = min(
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A= B POID=Da ) ai=[Y" a., (b,
i=1 .

i)

The backward Procedure

. . —~
Analogous to the forward variable, g ==+

define a backward variable v E
'\_“I. sen (o) lowl wee

Bi)= Plo, .o |q, =iA)

Probability of the partial observation , given state Si at time t and the model.

(1) Imualize
Bl 1sisN
(2) Induction
B =3 ab, F.() 1=r=T-1
leizN
(3) Tenmumation

v
PO 2) =3 A1)

The forward-backward Procedure

P /'.'J=ia;(i] —( < PO f:;-i:.ﬁ,fn
=] i=l
e e N
Loy eee oy \o) lony wee lof)

a, (i =Plo,..o.q=il2)  Bi)=Plo,,..0r|q =i4)

POV =Y a0
i=]

Solution to find optimal states

Yi) = P@, = §]O, N

The probability of being in state Si at time t, given the
observation sequence O, and the model.

(I) _ at(i) Bx(') — at(i) Bf(l)
e P(O[N)

N
21 a i) By(i)

g, = argm

1=i=<

ax [y, 1=t=<sT
N
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A better Solution

8()= max Plg1q2- - q =i, 010, - O\
G192, " " " Qry

The highest probability along a state sequence that
accounts for the first t observations and ends at state Si.

6r+1(f) = [max 8 a;] - b{Oy .+ 1).

The Viterbi Algorithm

1. Initialization
dii)=mb, and w,(7)=0. l=i=N
2. fort=1rT-1
8., (j) =[max s (i)a, b,
¥, (J) = argmax 5, (Na, b,
endfor
3. Termination
P = max (i) gy =argmax s, (i)
155N 15158
4. State sequence backtracking

4 =¥ulgn)

® « © o—
\
. . . .
o . . .
o . . .
- = bast
= & A [t?,}]_.d 5} 5(8) = Ploors i tragr = for
. . . .
- - * .
o . Fy F,
= ) @
& b &) &
B = byl " <

Solution to Problem 3
A =argmax P(O| )

Easy if the hidden states are known.

10
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§di, ) = P(@ = S;, Grv1 = SO, N).

The probability of being in state Si at time t and state Sj at

time t+1, given the model and the observation.

Si

|
|
|
|
{0ijbj(0y41)
|
|
‘
|
|
|

Baum-Welch Method

o, (i) a,*,'b,'(ot+1) Beealf)
P(OIN

a,(i) a,‘jb,‘(om 1) Bz+1(i)

&0, )) =

N N
_21 21 Ot,(i) ai/b/‘(Ot+1) Bt+1(i)
i=1j=

adi) By _ _ouli) Bili)

N
%(i):,-; &, ). D=0 X

a,(i) B'-H(j) ; adf) B(i)
t-1 1 t+1 t+2 =1
-1

v.(i) = expected number of transitions from S;
(=

T-1
21 £, j) = expected number of transitions from §; to S;.
=

7, = expected frequency (number of times) in state S; at time (t = 1) = y4(i)

_ _ expected number of transitions from state S, to state §;
3, = —
4 expected number of transitions from state S;

-1
2 i)
=

Z i)

-1

expected number of times in state j and observing symbol v,

btk = expected number of times in state |

r
P
_aotu

d .
PR
t=1

Left-right type of HMM

an ap a3 0
0 axn axp axn
0 0 ay ay

0 0 0 dyy

11
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Continuous Observation Densities in HMMs

The observations are continuous values. A common
representation is a mixture of Gaussian.

M
b{0) = 21 CmAUO, Wi, U], 1=j=<N
e

M
X Gn=1, 1<js<N

v
e
-_—
A
A
z
—
)
3
A
<

Cim

Buckbone nodes

e

Mixture nodes l:l
P
)

Observation nodes :‘_ g X
t=0, t=1, ik

O

"

Training
T
- T
_ Zvuk 3 ydj, k) - O,
G=TFTom W=
22y, b PR

=1 k=1

T
Z vt K - (O = O —

e =

T
2 v, k)
t=1

Yl K) = adf) Bj) cIUO,, mx, Up)
) = N M .
I; ad) B mE=1 CimIUO, Wi, Uj)

The probability of being in state j at time t with the kth
mixture component account for O-.

Action representation and recognition

e Core difficulties
e The configuration of the body remains difficult to
understand. This may not be essential to

understand what is going on (appearance-based
approach, etc.).

* There is no natural taxonomy of activity.

* Composition creates fearsome complexity.

Temporal scale

* Very short timescales
no much happens

* Medium timescales
running, walking, jogging, jumping, punching,
kicking, reaching

¢ Long timescales: motions are complex
composites
visiting an ATM, reading a book, cooking a meal

12
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Action Recognition Using HMMs

QO——0-

¢ Feature extraction

* Training
¢ Testing
Action Recognition Using HMMs
] -1 -
i - 1 —{ E j — =
- 5 (=
smgl::};xp i ca;;‘:'\ br\rsl:‘;x"lee ° Feature extraction

* Training

* Testing

13
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Results

e g Vi e

Lig ikl
[ T R
E B B
5

Coupled Hidden Markov Model

¢ HMMs are usually formulated with
multivariate pdfs on the output variables.

* If there are multiple processes generating
those channels, one must hope that these
processes evolve in lockstep since any

variation between them is modeled as noise.

e Two processes may interact without wholly
determining each other. E.g. Players in a
tennis game, two hand movements.

Coupled HMM
(Nefrian, Liang, Pi, liu, Mao and Murphy, 2002)

KXo

The parameters in CHMM

moli) Plg: =)
bili) POy |gy = 1)
@ik Plg; =iy, J- 1 k)

14
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Training
* [mtalization
doli.g) = wali)ma (G)0F ()0 (5)
tvali,j) = 0
s Recursion
Sl j) = :1}_:[,\{0_-_|[|’-‘,!}ra._.;_m._,;_.-}!J',’{L']h,f'(f)

(i g) = argmas{do o (ko Dag g, )

Optimal state sequence using the
Viterbi algorithm

* Termination
P = max{dr(i j)}
ol
lgr.qr} = argnlle:x{h-;-{i.j)}
* Backtracking

{ai'a'} = Vevrlaipn @)

The results so far (r — a training
sequence)
The sequence of states

Q o av @, a,v
= q-r,(‘] Sy r},m [ q‘r‘.l"—l

Ca @, a,v
SIEE R S0 p ST 1
sp = max PO |qr =1i,m)

m=1,.. . M"Y
i

Two Latent Variables

1 ifa™t — . g% —
4O (6 m) = cifaqey =18 =m,
Ir.t 0, otherwise

1 if go) =i
‘i;(’k h= i1 =k, gl =1

0. oltherwise

15
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v o T m)OT

ot
Hion =

(i, 1)

I”.Ir-.l:.-r ) r

LA Gm) (07— (07

3 m)

D SRR (A )
LD SIS S SIS C )

Asynchronous HMM (Bengio, NIPS, 2003)

* Model the joint probability of asynchronous
sequences describing the same event.

e Early integration

* Later integration

e The key idea is to temporarily stretch one
stream in order to obtain a better match
between the corresponding frames.

The model

For the sake of simplicity, let us present here the case where one is interested in
modeling the joint probability of 2 asynchronous sequences, denoted «f and y§ with
S < T without loss of generality®.

e(it) = P(ri=s|ri—1=s — L.qi=i. x}.y5)

fhe probability that the system emits the next observation of sequence i at time §
while in state ¢, The additional hidden variable 7, = s can be seen as the alignment
wtween g and g (and & which is aligned with ¢). Hence, we model ‘ui.f'i B r‘:: | .'l" IR

i, s, )

¢ [
plipp=t. Ty=s.. 1 )

/

"
(i )plre. walm a;Zx'.:.,, gy =jnljis =1t = 1)

v
+ 1 —-|-..'|'|_r4_.,'.|._._.|>_"t Plae=ilp—1=i)ali, s, 0 = 1)
i=1 A

N

T & =~ N

plat uy) L;m,-,- ivor=8,a7, uf)
=1

N

= SalisT).

iml

16
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5 L(i, s,t)B3(i, 5,1)
P(g=i.7y=s|re—1=5 — LT .y} - 2SR SE (5. 1)
(ge=i, e=5|Te—1=5 1. UL) P(-vf.yf)
(i, s.8)3(i, 5. 1)
Pf . u7)

Plg=i, 7¢=5|Te—1=5, ;t"{. ,uf) =

Plagy=ilg-1=j) )
Pf.r'f'. ul')
S alis = Lt = D)plre. yalge=ie(i.6)3(i . 1)+

s=1
&

Z"U-’-’ — Vplaelge=i)1 — e(i. )} 5(i, 5.1}

s=l)

Play=i,qr=1=ileT . uj)

Modeling individual and group actions in
meetings with layered HMMs (Dong, et al. 2005)

[Joo= |

Equipment.

. Rk
audio

« 12 channels, 48 kHz

< 1 microphone array —

| Of o O

video Y O .

* 3 cameras N

all synchronized

o
@

“Whitsboard.

Expriment setup

¢ 59 meetings (30/29 train/test)
¢ four-people, five-minute
e scripts
— schedule of actions
— natural behavior
* features: 5 f/s

mmm. idiap.ch

Modeling individual and group actions in meetings
with layered HMMs (Dong, et al. 2005)

Cameras ! Person_2 AV Features
f
O

| : o~

» decompose the recognition problem

* both layers use HMMs
— individual action layer: I-HMM: various models
— group action layer: G-HMM

17
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multi-modal turn-taking

describes the group discussion state
A={ ‘discussion’,
‘monologue’ (x4),
‘white-board’,
‘presentation’,
‘note-taking’,
‘monologue + note-taking’ (x4),
‘white-board + note-taking’,
‘presentation + note-taking’}
individual actions
1={ ‘speaking’,
‘writing’,
‘idle’}

actions are multi-modal in nature

example

Person 1

Person 2

Person 4

Presentation

Person 3 | |

‘Whiteboard

Group Action

multimodal feature extraction: video

¢ head + hands blobs
— skin colour models (GMM)
— head position
— hands position + features (eccentricity,size,orientation)
— head + hands blob motion

* moving blobs from background subtraction

recognition with two-layer HMM

¢ each layer qtrained independently

« compared with single-layer HMM
— smaller observation spaces
- I-HMM trained with much more data
- G-HMM : less sensitive to feature variations
— combinations can be explored

18
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models for I-HMM linking the two layers
* early integration
X ¢ hard decision <. | G-HMM |
— all observations concatenated o TS
— correlation between streams i-action model with highest = *~. —
— frame-synchronous streams probability outputs 1; all other HD: (1,0,0)
models output 0. . ]sb: (0.9, 0.05, 0.05)
« multi-stream (Dupont, TMM 2000) Pt — =
o ¢ soft decision < =
— HMM per stream (a or v), trained independently bability £ "
— decoding: weighted likelihoods combined at each frame outputs probability for eac E "
. . individual action model T
— little inter-stream asynchrony H
— multi-band and a-v ASR i “ aen “
t P
P:ZP(‘B:""“I) —
= asynchronous (Bengio, NIPS 2002) iE M, | Audio-visual features |
— aand v streams with single state sequence
— states emit on one or both streams, given a sync variable
— inter-stream asynchrony
experiments: data + setup results: individual actions

Table 2: Results of individual action recognition 43000 frames

Method Features FER (%) | STD

59 meetings (30/29 train/test) Visual .17 3.64
four-people, five-minute Early Int. Audio 2348 2.70
. Audio-Visual 9.98 2.65
scripts MS-HMM | Audio-Visual 558 176
— schedule of actions A-HMM | Audio-Visual 742 1.13

— natural behavior
features: 5 /s
« visual-only ‘ audio-only ‘ audio-visual
« asynchronous effects between modalities
« accuracy: speaking: 96.6 %, writing: 90.8%, idle: 81.5%

19
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results: group actions How to compare two sequences

+  multi-modality Table 3: Results of group action recognition

outperforms single Meothod AR (%) [ STD
modalities e 1520 | 478
« two-layer HMM Single-layer g R
outperforms single- r\llrliil-\'ixu:ﬂ I 23.74) | 297
layer HMM for a- Visual .7 Tﬂ? 285
only, v-only and a-v Aundio . 3237 210

hard 17.98 275

+ best model: A-HMM Twoul Early Int. [—r T T30 camples samples
« soft decision slightly MS-HAay | ard 17.27 201
better than hard ’ lmhi 1583 161
decision . ward | _JZSL | 287
AN R L) | 1
Ep.-

8% improvement

Kovar & Gleicher (2004, Siggraph) Variation
¢ A direct numerical comparison can be used to
determine similarity between two sequences. \ IR?‘\ & ﬂﬁ\
¢ With existing metrics, a large distance may -
reflect either that motions are unrelated or .
that they are different variations of the same ﬁﬁ?{%ﬁ WW ‘ﬁ\ﬁ\
actions.

. . P .
There Isno easy to dIStI ngUISh these tWO Figure 1: Logically similar motions may be numerically dissimilar. Left: A stand-
cases. ing front kick vs. a leaping side kick. Note the differences in the arms, torso posture,

and kick trajectory. Right: While these two reaching motions have somewhat similar

skeletal postures, the changes in posture are in completely opposite directions.

20
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Criteria for numerical similarity

e First, corresponding frames should have
similar skeleton poses.

¢ Second, frame correspondences should be
easy to identify. That is, related events in the
motions should be clearly recognizable.

¢ How to find frame correspondences?
Time alignment

() (e

Dynamic time warping

e We start with computing for every pair of
frames, forming a grid of distances.

e The time alignment is a path on this grid from
one corner to the corner that minimizes the
total cost of its cells.

§a8Ry

Time alignment

¢ Continuous, monotonic and non-degenerate

Time Alignment Restrictions

[
1
Legal Nlegal: Mlegal: Tllegal:

Nonmenotonic  Discontinuous  Degenerate

Optimal Path

Motion |

SAIAS

Motion 2

JALRY

Optimal Path

Motion 1

Motion 2

21
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Local optimality

Second, frame correspondences should be easy
to identify. That is, related events in the
motions should be clearly recognizable.

* If a cell on the time alignment is a horizontal
or vertical 1D local minimum, then the frame
correspondence is strong in the sense that
holding one frame fixed and varying the other
only yields more dissimilar skeletal poses.

Motion 1

gk\ski Optimal Path 1D Minima

1

ion

Motion 2

1D Minima

Maot
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Ideally, every cell on the time alignment would be a local
minimum since then each correspondence would be obvious.
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Figure 5: Local minima imagenta) are exended 10 form the valid region (vellow ).

¢ We compute all 1D local minima and extend each
one along the directions in which itis a
minimum(horizontal, vertical, or both) until a cell is

encountered whose value is larger than a threshold.

* We call the resulting region on the grid the valid
region. The time alignment is restricted to the valid
region.

Similarity Measurement

With existing metrics, a large distance may reflect either that motions

are unrelated or that they are different variations of the same actions.

A small distance is a reasonable indicator of similarity .

We can find close motions and then use them as new queries to find
more distant motion.
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Figure 10: Anexample march graph. The query is in the dotied box and the other
meddes are matches, Edges indicate numerical similarity.

With existing metrics, a large distance may reflect either that motions
are unrelated or that they are different variations of the same actions.

A small distance is a reasonable indicator of similarity .

We can find close motions and then use them as new queries to find
more distant motion.
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